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A Theorem on Hankel Transform*! 

By 

P. N. RATHIE 

Department of Mathematics ^ M. R. Engineering College^ Jaipur 

[Received on 30th December, 1964J 


Abstract 

The object of this paper is to establish a theorem on Hankel transform. The theorem is 
used to evainte certain infinite integrals involving products of Bessel and Gauss’s hypcrgcometric 
functions. Some interesting particular cases arc also mentioned. 

1. Introdttctioti. The well-known Hankel transform is defined as follows : 

= J” (^^)*/v(*<)/(0 dt, x>0. 

The aim of the present paper is to establish a theorem on the above 
transform and to use* it to evaluate some integrals involving products of Bessel 
functions, Meijer’s G-function and the Gauss’s hypergeometric functions. A few 
interesting particular cases are also mentioned. 


2. Theorem. If/; > 0, R{a) > 0, i2(v + ^) > 0, and the Hankel transform 


of |/(/) 1 and I exp 




(i*/4) I exist, then 


(>) 




{/(t) ; x} dx 


t M (Y,/^ 

n^^{t -i exp(~^) /(<V4) ; p). 


* Read at the 34th Annual Conference of the National Academy of Sciences, held at 
Muzafiarpur in February, 1965, 

t Fart of the Ph.D, thesis study of Bessel transforms approved by the University of 
Jodhpur in 1965. . r ^ 






'' [<t^ + A-* J 


Proof. The left hand side of(l) is equal to 

OD 

J' * 

[ Xo 

* ^'i .’ [/" '<“■ + '•>■' “» [ - ] 

«‘*);.[-^.J* ]*; 

on interchanging the order of integration. 

Evaluating the x - integral by [2, p. 58(14)] , this becomes 

= exp (- a<74)/(/a/4) j p] , 

on changing t to t‘^14:. 

The change of the order of integration is justified when : 

(f) the Hankel transform of |/(^) | exists^ 

(«) the Hankel transform of | H exp (- /(/'^/4) | (jxists^ 

+ absolutely convergent, U, when «(«) >0 and 

examples.^*'*’**'***””*’ section the theorem is illustrated by suitable 

Example 1. If we take 

then [2, p. 29(7)] 


/(<) = r-»/a e-fit, 


HJi - »/». e-fit ; x) = 2-’' x^'+i r(v + 

[r(r+l)]-i jjFj[v/2 + vl2, <r/2 + ►/2 +1 ; V -f 1 J _ ^ 

for «(<" + «')>0,iJ(j8)>0,A>0; 

and [2, p. 30 (14)] 

H*,{3«-i>«-ts-»/2exp-(a + ^) 

^ptv+i (« _|. I) [-r(2v ^ i)]-i 

+ V - 1 J 2v +1 J -^8/(« + ^)] ^ 

^(«+/3)>0,i2(v + ,.-l)>0,p>0, 

C 2 ] 


for 



Hence (1) yields 

aF,[(r/2 + vl2, <r/2 + v/2 + 1/2 ; v + 1 ; - ^Vi8*] dt 
= 2’' )8"'+>' (« + /3)- "■ - '^+> r(v + 1) (o- + V - l)-i 


[r(2v + 1)]-1 ,Fj[v + <r - 1 ; 2. + 1 ; -/*/(« + ^)] 5 
for. iJ(«) > 0, R{v + 1) > Oj R{v + f - 1) > 0, R{^) > Q, p > Q. 

As « -> 0, (2) reduces to a particular case of [2, p. 82(9)]. 

When (r = I’ + 2, (2) reduces to 

(3) ]■/ *'+• (.• + «■)-! it' + AT-) - ' - exp [ - h [ 5 /^] * 

= ttI (« + 2- ''-1 / 3-1 [r{v + 3/2)]-i exp [ - p^Ka+p)-] 

for i?(a:) > Oj R{l^) > 0, R{v + 1) > Oj /> > 0. 


Example 2, Taking 

/(O = < A/*>+>/‘«r/x(« t), 

the theorem gives the following result on using [2, p. 63(4)] and [2, p. 69(15)], 


(4) 


f. 


»i'+i ua 


(a® -h x^)~i exp 


p"^ a 1 , p^ X 
«** + x^ y'' -h x^ 


af’iH(v - + X/2 + 7/4', |(v + /. + X/2+7/4) ; v + 1 ;-^V«*] dx 

= TT* «v+X/a+7/4 p-X-sii r(v 4- 1) 2-^/2 +i/* [r{|(v ± M + X/2 + 7/4)}]-' 


[2« 1 3/4 + X/2 + V , I, 3/4 + X/2 - V 


for 


(5) 


for 


/<> 0, i?(a) > 0, Riu + 1) > 0, R(X + 2v ± 2/* + 3/2) > 0. 


When ft = x/2 - v - 1/4, (4) reduces to 


r x''+^ («® + X®) -X/a-B/4 gxp 

V 0 



= 2-^-’'-* Cr(X/2 + 3/4) r(X/2 + V + 5/4)]-ir(X -h 4) 

iF,[X + i;v + X/2 + 5/4;-py{2a)], 

R{a) >0,p>0, R{X + I) > 0, i?(v + 1) > 0. 

Asj!» 0, (5) gives a known result [1, p. 310 (19)]. 


Example 3. Taking 

f{t) = 
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using [1, p. 187 (43)^ 5 the theorem yields the following result : 

/»" r 1 r f 1 

(6) J ^ x{<x^ + a:=)-J exp qi'-f J 

2,1 r ^4 I 1 - v/2, 1 + v/2 ■ fU 

2,1 L^l A(2 ; X/2 rf '72 + 2), A (2 ; A/2 - P/2 + 2) J 

__ 2-A-s a.-A/2-n/2-v-i igA+Z^H-* + 1) r(2»' + 1)]"^ 

r(2 4- 1 + a/ 2 + /t/2) 4 1 + A/2 + /^/2 ; /‘ + 1, 21- + 1 ; /?V«, 

for iJ(«) > 0, i2(A/2 + n/2 + V + 1) > 0, i?(v + 1) > 0, > 0, fi > 0. 

Example 4. Lastly, taking 

fit) = t-le-pt},,{2y ti), 

the theorem gives the following result on using [2, p. 58(17)] and [ I , p. 187(43)], 

J" ,(«• + *>)-! (f‘ + *»)-l e„p[ - 

75^ ] r p^x 1, I" 1 A. 

+ x*Jj’' [«* + x^y'' 

=(7 p)»’' (a 4 ;S)-a'' r(2v) [r(2i' -f I)]""* 

- ^a[2v ; 2v 4 1, 2.' + 1 ; 7 V(a 4 /5), y^V(rt 4 /5)1, 

for R{«) > 0, i?(')8) > 0, R{v) > 0. , 

When y =0, (7) reduces to 


(7) 


exp 


( 8 ) 


J‘ ,V« exp [ - ^/*“^] J * 

. 1 
’ « -H p\ > 


= 2*' p*'' (« 4 iS)-*’' r(2v) r(v 4 1) [1(2 4 1)]-* iF, 
for ■K(a) > 0, RiP) > 0, R{v) > 0. 


2 1' ; 2i' 4 I 


Similar results can be easily obtained by taking P -^0 and p 0 in result 
(7) ; the last one gives a known result [1, p. 310(19)]. 

References 
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Abstract 

Oxidation of akohols, both primary and secondary, by chromic acid have been investigated 
by several workers. In this paper kinetics of the oxidation of polyhydnc alcohol glycerol by 
potassium dichronc ate in the presence ot sulphuric acid has been investigated. The first order 
constants with respect to oxidant have been found to increase with the progress of the reaction, 
excepting at lower temperature and at lower concentration oi sulphuric acjd. At higher con- 
centrations ot sulphuric acid the reaction tends to to be of zero order with respect to the oxidant. 
The order with respect to glycerol as well as with respect to sulphuric acid have b<cn found to 
be one. Thus the total Order of the reaction is three, which decreases to two with increasing 
concentration of sulphuric acid and temperature. A mechanism for the oxidation of Glycerol 
by Hexavalent Chromium has been suggested. ^ 

Glycerine is completely oxidised to carbon-dioxide and water when refluxed 
with chromic acid on a water bath in the presence of an excess of sulphuric acid. 
It is, however, certain that the oxidation of glycerol occurs in several steps and 
several intermediatary products are likely to be formed during its oxidation. I'he 
extent of oxidation under different conditions may be determined from the equival- 
ent number, but the identification of the intermediatary j)roducts in the reaction 
is not easy. Sulphuric acid is well known to be a catalyst for the oxidations 
effected by chrordic acid and here we have investigated the kinetics of the 
oxidation of glycerol by hexavalent chromium in the presence of different amount 
of sulphuric acid at different temperatures. 

Experimental 

The chemicals used were of A. R. quality. Glycerol was estimated quanti- 
tatively by refluxing a measured volume of its aqueous solution with chromic acid 
and sulphuric acid mixture in a flask for about two hours. The unused chromic 
acid was estimated iodometrically. 

A reaction bottle of jena glass was coated outside with black japan to avoid 
any efliect of light and the reaction was carried out in a precision thermostat. To 
a definite volume of glycerol solution and sulphuric acid a measured volume of 
potassium dichrom^te solution was added and the progress of the reaction was 
studied by estimating the unused oxidant iodometrically. 

The values of the first order constants with respect to the oxidant were 
calculated for difierent times. As the constants under different conditions of 
experiment varied beyond the experimental error, it is necessary to reproduce 
some of the cxprimental data in the following tables : 
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tASLte 1 

Pinal concentrations of the reactants 
Glycerol 0'125N j Potassium dichrcmate 0‘02N ; Sulphuric acid O'lN 


Time in Mts. 

K25° X 10 * 

K35° X 10‘ 

K45'’ X 10' 

0 

15 

- 

5'87 

10-7 

30 

3-56 

5'93 

10'8 

60 

■ 3-26 

6-03 

10-4 

90 

.3-20 

6T6 

10-8 

120 

3T8 

6T4 

IIT 

150 

3-05 

6T7 

11-3 

180 

2-98 

6-23 

11 -5 

Mean value 

3-21 

6-08 

10' 94 


The reaction between glycerol and dichromate is slow at 25°G or below but 
in the presence of OTN sulphuric acid the reaction proceeds sulliciently last 


Effect of sulphuric acid 


For studying the effect of sulphuric acid on the reaction rate, experiments 
were performed With different concentrations of sulphuric acid. Results for 0'2N 
0-4N 0-8Nsulphurkacid at45°Care g:iven in table 2. The observations with 
OTN sulphuric acid at 45°G has been already given in table 1 column 4. 


TABLE 2 


Time in Mts. 

K X 10* for 
0-2N HjSO^ 

K X 10* for 
0'4N HjSO.^ 

K X 10* for 

0-8N HaSO, 

0 




10 

28-8 

88-2 

304-5 

15 

- 

- 

326-3 

20 

29-7 

98-3 

341-0 

30 

30-9 

108-8 

357-1 

40 

32-9 

117-1 


50 

34-3 

123-9 


60 

■ 35-5 ■ 

- 

- 
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'times for the half decomposition of the oxidant with different concentration 
of sulphuric acid at 45*^G has been graphically obtained and are noted below : 


TABLE 3 


Concentration of in the 

reaction mixture 

Time for the half decomposition 
of oxidant 

O-IN 

145 min 

0-2N 

79 „ 

0-4N 

28-5 „ 

0-8N 

10-0 „ 


It will be Seen in Table 1 and 2 that the first order constants tend to 
decrease at lower temperature and at lower concentration of H^SO^ while reverse 
IS true for higher temperatures and higher concentrations of sulphuric acid* 



(ffrt fJORrnAiny) 

The effect of the concentration of sulphuric acid on the reaction velocity is 
represented in fig. I where the times for half decomposition of the oxidant 
verses inverse ol the concentration of sulphuric acid have been plotted. It will be 
seen that the time of half decomposition is proportional to the inverse of concentra- 
tion of sulphuric acid. Hence we may conclude that 

X G (Hj^SOjj) - const; 

[ 7 ] 



it should iie also noted here that as the coticentption of H 2 SO 4 increases the 
first order rate constants rapidly increase, especailly at higher temperatures. 
In other words as the concentration of H^SO^ or the temperature is increased, the 
reaction tends to be of fractional or zero order with respect to the oxidant. 

Temperature coefficient and heat of activations have been calculated Irom 
table 1 by taking the average value and are given in the following table : 


TABLE 4 


Tempera turue 

Concentration of 

Temperature 

Heat of activa- 

range 

sulphuric acid 

coefficient 

lion 

25°G - 30°G 

O-IN 

1-9 

1 1490 cal. 

35°G - 45°G 

0-lN 

T 8 

11240 cal. 


Total order of the reaction 

The order of the reaction with respect to glycerol has been detef iuined by 
estimating the loss of oxidant, for the reaction mixture - containijig the concentra- 
tion of Glycerol double of that used in earlier experiments and then a]n)lying the 
relation 1 1 / » 


iog 2: ■ 

Total order of the reaction has been calculated from that data where O'lN 
sulphuric acid IS used and the temperature of the reaction is 2r)“C!. The reaedon 

has been found to be approximately of first order with respect lo tlui oxtdaul and 
with respect to glycerol its value is 1‘2. In other words the total order of llie 
reaction is approximately two. 

Effect of bivalent Manganese 

Bivalent manganese is known to catalyse reaction between oxalh; acid and 

whilst it has been noted by WcsllKsimcr'' 
etal. and Ghatterji and coworkers'* that its oxidation by licxavalem dironiiuni 
induced by an alcohol. We have also found that in presencerS biviSn^^ 
L”re^colour mixture of glycerol and polassium. dichroniats! d(;veiom 

MnO. and the rate of tlu> 3 

of the oxidant by glycerol in presence of bivalent manganese is also dccnsassxi. 

Conclusion 

intermedia,, fotmation rfiL “ir wih?W,> aeS'™'?' ■' »“«S<»Utd tm 
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ehter into ester formation, which may undergo electron transfer leading to the 
formation of chromium of lower valency and the oxidised product of glycerol. If 
the rate deterpiining step is the esterification, then the rate of oxidation is likely 
to be of order three with respect to the oxidant, which is not observed, in the 
present study. Therefore, the ester leading to oxidation of glycerol involves 
one ^ OH group at a time, possibly the oxination at the primary position being easier 
occurs first. 

In the oxidation effected by chromic acid, the anion HGr04’"^ is reduced to 
Gr'^'® and this will always involve hydrogen ions in the reaction thus : 

HGrO^-^ + 4H+ Gr^'® + 2^ HaO + 1^0 

Moreover, hydrogen ions are well known to catalyse ester formation and therefore 
the utility of hydrogen ions is necessary in the oxidation by cluromic acid and our 
experimental results also establish this fact. 

It should be mentioned here that whenever the hydrogen ion concentration 
or the temperature is increased the first order constants increases with the progress 
of the reaction, this is possible if the in termediat ary oxidised products of glycerol 
consume the oxidant at a faster rate. 

The oxidation of OH group in the primary positions on oxidation will yield 
aldehyde groups. But we have generally noted that the oxidation of either 
GH3GHO or HGHO by Hexavalcnt chroanium (Cr"*”®) required sufficiently large 
qixantity of sulphuric acid for their oxidation. However, it is not unlikely that a 
- GHO group is easily oxidised when attached with a CHOH group ai wc have 
noted that even a GOOH caia be oxidised when attached with GHOH group as 
in lactic acid. 

Thus one of the Intermediate products of the oxidation is GOOH GHOH 
GOOH. The further oxidation of which will lead to the formation of meso-oxalic 
acid. Our measurements of equivalents of chromic acid required to oxidise one 
molecule of glycerol at the temperatures of our experiments ranges between 10 
to 12 indicating that the oxidation of organic substrate is not complete as the 
equivalent no. should be 14, Moreover, we have observed thep esence of HGOOH 
as one of the oxidised products. In view of these observations we conclude that 
the meso-oxalic acid decomposes of itself as : 

GOOH 

\ 

GO HGHO + 2aOa 

/ 

GOOH 

The HGHO at high concentration of acids and the oxidant at high tempera- 
tures will lead to the formation of formic acid. 

Thus it is clear in the oxidation of glycerol by oxalic acid cannot be cin 

intermediate oxidation product because at the concentration of reactant used in 
the experiment oxalic acid will be completely oxidised and therefore the equival- 
ent numlxcr should be fourteen. 


c 9 ] 



We have observed that a carboxylic group attached with a carbon atom 

I! 

carrying either - OH viz., GH,GHOHGOOH or = O viz., CM - C - CJOOH or 
-O -OH viz., GOOH -GOOH is easily oxidisable even with lower coiuxmtra lions 
of sulphuric acid and hence the reaction becomes fast. 
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Abstract 

In this paper some properties of transform arc obtained. Using theje properties some 

recurrence relations for Gauss’s hypergeometric functions are aisa obtained, Soma of the theorems 
obtained in this paper are analogous to the theorems for Whittaker transform. Some in‘ nitc 
integrals involving Whittaker function are also evaluated with the help of the theorems. 

1. Introduction. have generalised the well known Laplace transform 
defined by the integral equation 

<j>{p) — pj e-^'t h{t) dt ' (M) 

in the form 

'^{p) = P C W Ht) dt. ' (1 2) 

(1-2) reduces to (M), when we take k — -m = IjA:, due to the identity 

M^,.l[x) = ( 1 ‘ 3 ) 

The transform (1‘2) can also be related with Whittaker transform 

given by Varma® due to the identity 

We shall denote Mj,,^ transform (1-2) symbolically as 

M 

«« tr ‘w 

and (IT) as usual shall be denoted as 

i,{p) = h(t). 

2. Theorem 1. The recurrence formula that holds for also holds 

for transform of the function h{x), where X is any arbitrary parameter, 

provided the integrals and the series involved are convergent. 


*Prtsfnl addrtsi : Departmint of Mathematics, Samrat Aahok Technological Institute. 
Vidisha (M. P.), India. 
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Proof. We have the result [2, p. 27] 

Mk>AZ) = iZ) - 

Let 


that is 


\{P) — A(^) 

k^m 


hym,x(p) “ Mk,m{2 px) x-^h{x) dx (2-1 ) 

. p /* r.'(2#«H M„„.,(2#.) -«^i^l)(2^.)l M,.„„„„2j,.)] * 

Hence, we get the recurrence formula 

ylj^ <l>hm>xiP) = XriiP)- ^H>m+i,x.-li{p), (2‘2) 

, provided the integral involved in the result (2- 1 ) is absolutely cojivergeiu. 

The integral in (2T) is uniformly and absolutely convergent 
if i?(P - A + OT + 5/4) > 0 where /i{x) = 0 (xP) for small a; and I^p} S Kipo) I' • 0. 


Similarly, using the other recurrence formulae for Mi (2') f 2 li 971 

we ge, the following eeenrrenc. fomulae for the W... tJl&.i follLting : 


V9P 4>hm,X ip) = 2« Pk-im-bXH iP) - 2w </>lHym-hX+S U>), 

(.«) V 2 , +^1/2*+"’ fc.! ..-H.XH-l. (« 


(2-3) 

(2-4) 

(2*5) 


(iB) 2m fkmtX (P) - 2p Pbm,X.) (p) 

= 2mV2i5- <t>k+hm-bX-i (P) - h-hm+bx-t (P) (2-0) 

^’^'Phu,xiP)-^Phm>xZ{P) 

^ W+im+i 2 A-r(i!') -2m \/2^ <>h-im-bX-i (P) (2*7) 

' W,x (^) + (I - A + «) ' ^2-8) 

L 12 ] 



Example. We have the result 

x'^^hix) = x“^ 

^ - A: + m, m - A + 5/4 ^ 2^ _ 

2m+l ’ 


M p{2py>^-^i r(m -X+5/4 ) 

w«Af5/4 a 1 


where 


(2-9) 


R{m - X 4- 5/4) > 0 and R{a) > Rip) > 0, 


then using the result (2-9) in the result {2‘2) and adjusting the parameters, we 
get the recurrence formula for the Gauss’s hypergeometric function as 


L'y+1 J - y . rOv + i 


«+l, 13+1 

y +2 




0 . ( 2 - 10 ) 


Similarly taking the other recurrence formulae for M].,m transform and 
using the same method, we get the following more recurrence formulae for 
Cause’s hypergeometric function as : 


(i) jPAJjFi 


« + l» /?+l. 

7+1 


Ta + l, /3. . 

y J L y 


/••V in r 1 r? r ^+^5^ 1 77 

(n) 7 aF,|^ ^ lAjj «2 Fi I i . 1) sA 


7 

■ a,^ 

7 + 1 


;a;1=0 
= 0 


; X 


{Hi) aFj 

{iv) 7 a. 


a+l, ^+1_ 1 

, ■^ + 1 ’ J 


2^. 


(7 a) 
7(1^1) 


- ^Fx 




« + l) /?+l. 

7 + 2 ’ 


[ “f ’ ’ 

4 "yli ’ r';?‘ ^ ']+ 


= 0 


(7 + 1) 


[V-' 


+ 7aF] 


= 0 , 


and 

(w) 




0 . 
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If ia the relation (2-2), (2-3), (2*4) and (2-5), we put A = « + n + 

L H S reduce to tr^iiisforinj wlieresis the R.* H* rcjuAins trtiiis** 

form' Thus it is interesting to note that the sum of two transforms is 
equivalent to transform for any function jc- A. /{(*), for which the integrals 
and the series are convergent. 

Further, if we take* = m + n+ ^ in (2'6), (2-7) and (2‘8), we note that 
the sum of two M/.,m transforms is equivalent to sum of two transforms. 

3. Theorem 2. If the transform ofar'A ji[x) with respect (o the 

first derivative of Whittaker function, 1’*^ i*'b>m,x iP)> 


Mi^^rni^px) x ^ h{x) cJx^ 


2p X-niP) “ / <l>h7n>\iP) + ih - i jPh (*^‘^) 

provided that R{p - A + ^ 0 where h{x) * - 0 lor small ,v and 

Rip) ^ ^(^o) > 0. 

Proof. Using the result [2, p, 24] 

= {k-zl2) + (I . 4- m) in the n^snJt (3*1 ), 

we obtain4he theordm. 

Example, If we take h{x) =: x^^ exp(-« then using the result (2d)) 
in the result (3*1), we get 

c&S _ p{2p)^^^I^T{or- X+m+lli), ^ Jp 1 

(a-|-/>)cr-A4'^ + l/4 ^ 2w.+ l ^ ^ 


_/»(<r-X+m+l/4) ^ r<T~X+7n+5/4,|-^+m 2p 

(«+/) ^ I 2 m -fl a+y; 

X F r '^“^+^+l/4,§-A+m ^ 2p 
L 2 m -f"! ^ 4 "/^ 

where i2((r - a + m + 5/4) > 0 and («) > R (p) > 0, 




4, Theorem 3. If 


M 

i^r{P)~=^ A(a?) 
fc+r^m 


r?0 |Z( ” a j"" + '")»• ^riP) 

{2pxyleP-(^--)Mk,r,{2pax)h{x) dx, 
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provided that jR(pd'm-l-5/4) > 0, -where k{x) ^ 0 (a;^) idr smalls;, « is positive, 
h{x) is bounded for a; ^ 0 and the series on L. H. S. is uniformly 

convergent. 

Proof. Since we have 


^l^AP) ^ {2pxy^^^ (2px) h[x) dx. 


( taking the sum from zero 


Multiplying both sides by ^ ) ' 

to infinity and using the result [2, p. 30]^ we get 
00 2 / 2 \ 

«-/.* ^-(1/- 1)^72 j 1_ „ h {l-k'\-m)y. {x) = {ax), a is positive, 

r = 0 \ a/ 


we obtain the theorem. 


The change of the order of summation and integration is justified due to the 
uniform and absolute convergence of the series and the integral. 

Example. If we take h{x) =: exp(-«A;), using the lesult (2'9) in the 

result (4-1), we get 


J" {2pax} 


(4-2) 


where + m + 5/4) > 0 and i^(«) > R{p) > 0. 


5, Theerem 4. 


then 


If 

<1>,(P) h{x) 

kp-TyM 


£ (i+A+m),. 4 >r iP) = P e-^l^ 

f=0 

X (2/^)"* ^ M,,„„(2px+a) h{x) dx, (S'l) 

provided that iJ(P4-m+5/4) > 0 where h{x)= 0 [xP) for small x, a is positive, 
x’i Mi,.,ni[2pf^x) h{x] is bounded for x > 0 and the series on L. H. S. is 
uniformly convergent. 


Proof. We have 

MP) ==P r (2pA:)-b4 M,,+,„u{2pK) k{x) dx 
^ 0 
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kultiplyingboth sides hy- (H^ i taking the sum from s^oro to in- 
finity and using the result [2.j p. 29] 

where « is positive, we obtain the theorem. 

The change of the order of summation and integration is justified due to the 
uniform and absolute convergence of the series and the integral. 


Example. If we take h{x) = exp ( x)^ and using the result (2’9) in 

the result (5*1), we get 


J 0 


dx 




ot' 

^ fr (4+^“t"^)v^ 2-^1 
fsO ^ 

where R{a + m + 5/4) > 0 and R{a) > R{p) > ()* 

ckno wl e d gem en t 


(T -f m “h 5/4, i *- ni 
2 m +.1 




I am highly thank^l to Dr. K. C. Sharma, Reader, Dcpartlmcnt of Matho 
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interest during the prepration of this paper. 


References 


. Kulshrc^^a. S. K. On an Integral Transform 
Vol. XXXVI : (Part T), pp. 203-2C8, (1966). 

2. Slater. L. J Confluent Hypergeomctric Functic na 

3, Varma, R. S. Current Sciences, 15 : IS-l?, (1947). 


Proc, Acud* Se , Mia, Sco. A, 
Cambridge UrtmtiUy Prm, (I960). 


C 16 ] 



On the Steady Motion of Reiner— Philippoff 
and Ellis Fluids in an Annulus under 
Toroidal Pressure Gradient 

S. G. RAJVANSHI 

Department of Mathematics ^ Malaviya Regional Engineering College^ Jaipur 
[Received on 23rd March, 1966] 


Abstract 

In this note the steady motion of Reincr-Philippoff fluid in an annulus under toroidal 
pressure gradient has been discussed. It has been observed that with increase of toroidal pressure 

gradient, zero shear stress surface moves towards the inner cylinder, and, with the increase of 

adverse toroidal pressure gradient, zero-shear-stress surface n.ovcs towards the outer cylinder. 

The angular velocity profile for Ellis fluid has also been ol tained and for small values of the 
"fluid parameter it is observed, that the zero-shear stress surface moves towards the inner 
cylinder with increase in a. 

1. Introduction. 

Steady and unsteady tangential flow between two coaxial cylinders may be 
obtained by application of tramverse pressure gradient. The steady case of 
such a flow has been discussed by Goldstein'. The unsteady flows of viscous 
incompressible fluid obtained by rotating one or both the cylinders with uniform 
angular velocities have been studied by Bird and Curtiss®. Sfruilar problems were 
also studied by Ghildyal*, Kapur and Srivastava^. The present paper is devoted 
to the discussion of the steady flow of isotropic, incompressible, non-Newtonian 
fluid under toroidal pressure gradient through an annulus. The flow equations 
of non-Newtonian fluids are widely applicable in the fiel<k of chemical and 
mechanical engineering. We have studied Reiner-Philippoff and Ellis models. 
The flow behaviour of these models helps in explaining the various properties of 
a number of industrially ijnportant fluids. 

Let t;,- and eij be deviatoric stress components and strain rate components 
r;,espectivcly. The rheological equations for a Reiner-Philippoff fluid is given by® 

'B = fp. + — i — r° i'B> ('■!) 

l J 

/=1 m=l 

where Moj 1®“ ^tid are the fluid parameters. The values of these parameters 
for a number of fluids have been tabulated in®. This fluid possesses an interest- 
ing property of behaving like a Newtonian fluid when to 0, or -f co. But for 
intermediate values of tq. the behaviour is definitely non-Newtonian. 

The rheological equation for an Ellis fluid is given by® 



/ 3 

3 \i 

1 a-i 

(1-2) 

fiy = ^0 ’■y + 





\/=l 

m = l ' 

1 
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wkere ^n, <^1 and « are the fluid parameters. These paramet^crs lor soino I'dlis 
fiufd are tabulated in«. Kapur and Gupta’ have shown the iollowmg mteresting 

results : 


(1) when = 0, it behaves as a Newtonian fluid, 

(2) when <^o = ^5 behaves as a power-law fluid, 

(3) when a > I, and stress components are small, it approximalcs to a 

Newtonian fluid, 

(4) when « < 1, and stress components are large, it again approximates to 

the Newtonian fluid, 


(5) when a = 1, this again represents Newtonian fluid. 


2. Equations of Motion. 

The fluid is contained between two infi.nitely long coaxial cylinders of radii 
a and b {a>b). The two cylinders are assumed to be in a steady state of rotation* 
Hence the velocity components in cylindrical polar coordinates arc, 

= ,y-/(r), (24) 

Therefore, the equations of motion reduce to, 


0 = - 

0 = - 

0 = 


dr ^ 


L 2^ 4. Jl. ^ n) 


r 30 r 0r 

dz 


( 2 * 2 ) 


3. Reiner-Philippoff fluid. 

The non-zero deviatoric stress component is given by, 
1^00 - ^0 M 


7^0 — 


Fo + 


r-Q . 

1 4- _ij| e^0. 


The non-dlmerisional quantities are defined by,- 

Tf,b^p 


■n = L k — — p - y'’ T 


-r . _ ’rfl 


/*a' 


, V = 


H 

V b P 
Mo 


a ’ 


poo = 


/Xoo 

mT’ 


where p is the density of the fluid. 


(3-1) 
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From the equations (2*2), (3*1) and (3*2), we have, 


dP 1 8 


and 


where 


d9 

T,0 = (l + 


T,e), 


V d"'^ 

ro* i-r,0» 






The uniform toroidal pressure gradient is given by, 


ze 


A. 


First equation of (3-3) together with (3-5) gives, 

2 


TrO 




(3-3) 


(3-4) 


(3-5) 


(3-6) 


where V Vn gives the zero shear stress surface. From the second equation of 
(3'3), (3*4), and (3’6) we have, 


0 / F\ V - + 4 ^3.7^ 

We assume <<> = V/v, where <>) denotes the angular velocity. _ Let u>i and Ua 
be the dimensionless angular velocities of the inner and outer cylinders respect- 
ively. Integrating (3'7) we have. 


4 

A 



1 


^ +Aco 




(1 + TV 




+ ^V-Mco)log 


iV-nV + 7x03 T'^^ 

+ ho^TV\ n* 


- Vi^as ^'o“ 


(1 * /X 00 ) ^nn ^ 


T\* + ( W-^) J ’ 


for 


1 < 5? < »?0> 


and, 


4 

A 


((oj-m) 



1 -f- /ioo T'q® 


]A 

(1 + T'o*) log 


+ ^(1 - ^03 ) log 




~ VAco ^*0*1 1 "■ Aoo ) ' 




(3-8) 
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for Vo < 'n < k, 

where Tq' = 2 Tq/A 

Atv = Vo, equating the values of « obtained from first and^secontl (Hj[uation 
of ( 3 * 8)5 we have. 


_ (a.j-coj) ■r;5[ (1 + ^' 0 ® 

+ fl-u )los rv 


log 


V" Mco “ ^co ^ 


rV“(AMo^) (V-i) J 


(3*9) 


From equation (3‘9)j it is clear that, '^0 cannot be determined explicitly. 
However, in litniting cases, when Tq^ is very small or very large, it is possible to 
determine Vq. 


When Tq' is small, we assume ' 

V = Vi^ + To'* V./. 


(3-10) 


Substituting (3-10) in (3-9) and neglecting fourth and higher powers of T,,.' 
we obtain, 


and 


2 _ #^(a)2- to^) -f Ak^ log_F 
V=^^-^log 


(3*11) 


When Tj)' is large, we assume 

V - 4^2 


(3*12) 


we get (3'12) in (3-9) and neglecting fourth and higher powers of I/'/',,' 

y a ^^(®a~Oi) “h Ak^ log k'^ 

^ ' Aik^-l} ’ 




(3-13) 


?-l) - 9ASV 

- lWv\^ + - 2^'/ + logits). 

4. Numerical Results. 

site dlrectiJm andiet°SSr°*'' assume, the cylinders to he rotating in oppo- 

“i = -0-4,ca = o-l,/; = 2 . (4-1) 

The fluid with small value of:r„, is Molten sulphur and its parameters are“, 

/*o — 0’215, gjQ = 0‘0105 and = 0‘073, (4‘2) 
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The fluid with large value of tq is 0*4% Polysterene in Tetralin and its 
parameters are® 

fiQ 4*0, 00 == ^tid Tq = 500. (4*3) 

For Molten Sulphur, Vq is obtained from equations (3*10) and (3*11). For 
0*4% Polysterene in Tetralin, Vq is obtained from (3*12) and (3*13). Angukr 
velocity profiles have been drawn against v. We observe from the graph that for 
Molten Sulphur as well as 0*4% Polysterene in Tetralin, with the increase of 
toroidal pressure gradient for positive values of the zero shear-surface 
moves towards the inner cylinder. With the numerical increase of adverse toro- 
idal pressure gradient i.e, for negative values ofi4, the zero shear -surface moves 
towards the outer cylinder. The variations in angular velocity are more marked 
in fluid with large as we move from inner cylinder to outer cylinder. 



5. Ellis Fluid. 


The non-zero deviatoric stress component is given by. 


= </>o H 






(5*1) 



Introducing the following non-dimensional quantities 


= 4 J = ^rd Pb% 


'OJ 


P~pPb^i>o^i - 1 (p^syo -I > ’bi)‘ 

From equations (2'2), (5'1) and (5'2) we have, 

0P 1 0 


(5-2) 


d9 v 0^7 


(V\rrd), 


and 


brd = ^r8 + ^1 ’’rfl 


(Iml 


Trd- 


(5*3) 


Proceeding as in section 3, we assume, the toroidal pressure gradient 

= A > 
dd 

and from (5-3), we have, _ 

From equation (5*4) and second equation of (5*3), wc liave^ 


(5*4) 


and 


I)'? (if f” i. 


' 0 “ _ 


(5-5) 


Let and 0)2 be the angular velocities of the inner and outer cylinders 
respectively. Integrating equations (5-5) for fractional values of « wc have 


01 - 0 . 1 = 1)_ log,?] 


’’VV) 1 + 




for 

and 


1 < ’I < ^0. 


for 


ar 1] 

2[ 2>)>P “S ,1 

(|)“ (\Vv^) (0, 1 -f a)- B(V/P) (0, 1 4 - «)] , 




(5-6; 
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Equating tiie values of o) given by two equations of (5*6) at we 

obtain. 



“a - “x == t[ ~ 

[^(1/V)( «,H«)-5V/A*)(0, 1 + «)], 

(5*7) 

where 

Bj^{my = j* (1 ““ 0^“^ 

(5-8) 


The zero shear stress surface is determined by (5*7). Integrating equations 
5*5) for integral values of a, we have, 

“ - “1 = -5 - log ’ 


a-l /r;2/y/-2a -1 v . 


fW=:U 


for 


!<''/< % 


•> - * - 5 


3 (/;3 _ T/Sl ^ 

-2OT— 


]-(V[ 


log 


+ V <v,„ - J__ \1 , 


(5-9) 


for 


'?o < '>? < k. 


Equating the values of (o from both the equations of (5'9). at ^ = % we get 

a{ V (A*-1') 1 j. ■ ' 

-logA . , 




_ Yj^20L-2i)i 


2 m “ 2a 


■or* + 


2m it*’" 


)]• 


where 


n 17, Vo’^Hk^^-l) 

D--losk+ -%ij3sr-’. 


when a is odd, 


= log -^~orm > "wl^on a IS even. 


(5-10) 


(5-11) 


k * 2a 

Equations (5*10) and (5T1) determine Vq. 

The effect of Ellis fluid parameter a on the zero shear stress surface is deter- 
mined by considering the perturbation in the other parameter of the fluid. 

Let 


^0 = 

where $ is small. 


(5*12) 
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t’or numerical calculation we assuiiie 

0)2 = 0*1, ^ 2-0, and i 4-0. (5*13) 

From equations (5*10) to (5*13) the values of and arc tabulated below for the 
various values of a. 


a 



1 

1-47707 

- 0-05642 

2 

1-47707 

-0- 112(19 

3 

1-47707 

- 0-21347 

4 

1-47707 

- 0-40760 


We infer from the above table that for Ellis fluid with small as a ijuu‘(utsesj the 
zero shearstress surface moves towards the inner cylinder. ^ 
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' Transform of Two Variaij’es 

By 
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Abstract 

In this paper transform of two variables is defined. The theorems obtained by 

S.K. Bo8c 2 »nd G. B, RathieQ for Laplace transform of two variallcs arc generalised, 
gome of the theorems obtained here arc analogous to other transforms. Images of some 
functions in transform and Laplace transform of two variables arc also obtained and in 

the last differential and integral properties of the said transform are discussed. 

1, Introduction 

I have generalised the Laplace transform defined by the integral equation 
i^iP) = ^ (M) 

in the form^ 

^(P) = ^ (2/-i)-V« Mi„m (2pt) h[t) dt {1-2) 

WhenA; = -m= 1/4, (1-2) reduces to (M) by virtue of the well known 
identity 

W = (1-3) 

Now, in this paper, we define transform of two variables as 

d>\p> Q) — P <1 { f {~px~y* Mj.,mmx) Mh.' ,m' <^qy) h{x,y) dx dy, 

Jo Jo 

R(p,q) > 0, (1-41 

which is the generalisation of the Laplace transform o f two variables defined as 

d>{P>q)=Pq^^ h[x,y) dx dy. (I.5) 

Integral equation (1-4) reduces to (1'5) when k = k' = - m — - tn' =1/4. 

We shall denote (1‘4) and (1‘2) symbolically as 

piP>q) Hx>y) and HP) h{t). 

k',m' k,m 

respectively and (1-5) and (M) as usual shall be denoted as 
HP,q) # and = h{t). 

*PrMni : ^D^epartment of Mathematics. Samrat Ashok Technological Institute, Vidisha 
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The object of this paper is to study the rules, obtain the images of some 
of the functions in and Laplace transform and to give some properties of 

this generalisation in two variables. Also, some differential and integral pro- 
perties of the said transform are obtained in this note. Some theorems on tins 
generalised transform are also obtained. Particular cases of these theorems give 
rise to the theorems obtained by Bose*, Rathie® etc. 

2. Theorem 1. If 


k\m! 

and 

k\m 

then 

J* 1“ ^ = /' /■ 

provided that the order of integration may be inverted 

Proof. 


(2-1) 

(2sl) 


Here, we have 

- “■ P”')"" P")-'" "i.™ {2«<) (2..) /,.(M dt * (2-2) 

and 

Ut,s) = ts (2«„)-V* (2,»)-V4 Mkr,, {2tu) (2sv) /^,(u,v) du dv (2'3) 

therefore 


= J.' /' MW 

provided the change of the order of integration is permitted. 

whe„ A,,,., . 0^,,., , - » 

condition, if required A,U,s) = 0 [r^Kl m ) ^ nr 1 

>-0, for large . \megral 2-3) wi',^ *1. 

gent if ie (,3 + „ + s^4) “ be absolutely and unifortoly conver- 

+ m + 5/4) > 0 where « o (tk) for 

[ :26 ] 



small t and kj^iys) = 0 for small s and an additional condition if required 
is hi(,t,s) — 0 iJ(Xg) > 0, for large t and lti{t,s)= 0 [e'S «] , > 0, for 

large s. For the justification in the change of the order of integration, we have 
imposed hard condition but these conditions may be relaxed. 


3. Theorem 2. If 
and if 


then 


== K{y) 


HP) ^ H*), 
Uq) =r >hh) 

k jn 


h[>^>y) r,^-, <i>(P’q) ~ ^liP)- Hq)- 

fC j???> 


(3*1) 


provided that the integrals are absolutely convergent. 

Example 1. 

Taking h{x,y) = x'Oif'i and using [3, p. 215], we find that 

k,m (29)«»'+iMr(Vi4m-f5/4) r(ri!+m'+5/4) 


r h -k+m, Vii'm+514^^ 

-2^~[ Fi 

' aa+»j'+5/4 _ 

2q ] 

[ 2m+l ^ 

^+pi \ \ 

2m'+l 

/3+?J 




for Rip,q) > 0,R{vi + m + 5/4) > 0 and R{v^ + w' + 5/4) > 0. 


3-2) 


In this result, if we take A = - m + 1/4, Ic' - m' = 1/4 and a — ^ = 0, we 
gel the known result [5, p. 62] 




■ ■ F(]/i + 1)1 + 1 ] 

2 “ fi 


(3-3) 


Again, taking the same h{x,j) and using the result [1, p. 18], we get 


n+m+i,m /) g(-l)"+”T(2ffl4 l)r(2ffl'+lir (ai±m4-5/ 4)Fgalw'+5/4 i 
^ (2g)’^2+HX2w+«+ 1 )T(2m' +n' + l )T{v,-m-n+5/4) 


X 


1 


p f aj±7n+5/4 , " 1 p f ’^2i«' + 5/4 , ^"1 , 


Tv^-m'-n'+5li) 

where i{{ai ± m + 5/4) > 0, ± m' + .5/4) > 0, R<,p,g) > 0 and n and n' are 

positive integers. 
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Example 2. 

Taking h{xj) - and ming the result [1., p. 17]. 

we get 

n , .a -4 n . v-i n+m+^m /?!(«+ 1) r(2m + l) r(«' + l) W+D e^P+'n 

xy ^_l+x) [i-tji ^ pi(<r+m+7ii)^iCrrj[.^-y^^^^ 

« (-2V^)^r(o-+ffl4-5/4+r} ^ (p) 

^ \(n-r [ r I{\+2m+r) _ | j 

« (-2/g)T(o-'+OT'+ 5/44->)p)^ (?) 

^ ,V \(^-r l±T{l+2m'+r) ^m' + r+Jji), ^{(r'+m'+r+7/i^’ 

where R{<t + m + 5/4) > 0, R{ir' -|- + 5/4) > 0 and R{p,q) > 0. 

In this result, if we take n = n' = 0 and m ==‘ m' — ~ 1/4, we jijet the result as 
(l+A:)-i (l+j)>)-i 
.. V2'«i<W)r(<r+l)r((r'4.1) 

TT ptrit -"ifi gn^ijs - ifi ' 

^ ^-ito-j+a/s)) {((Tj^+S^'!) ip) ((r^ + l/2)) }((/+!t/a) ) 

where iJ((T + 1) > 0, R((x' -j- 1) > 0 R(p,q) > 0. 

4. Theorem 3. If 

i>ip>g) h(x,y) 

then 

HPK^IP)— h>a,x oy), 
k'.m ^ 

provided the integrals involved are absolutely convergent. 

5. Theorem 4, If 

<j>iiP,q) hi'x,y) 

k ^m’ 

m.q) ^ h,ix,y) 
k'^m' 


(3-6) 


(4-1) 




kym 

k\m^ 


K{’‘,y) 
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then 


n 1c fn ^ 

S, ^AP,D 2 hA..y) 

fsal ^ f=l 


6. Theorem 5. If 


HP>q) ^=, i(*>jy) 

kyin 


r(o'+?n'4-5/4) , , . . ■ -‘-s\^,j'i 

p\p,q}- - 2-«-wr-j Jj (^p-A^xf+m + ^l*{q-\-y) ”'+'w'+B/<' 


n oo 

0 


;eOT + l/4 j,»U+l/l 


„ ■ I-A+ot, 5/4+OT-+-y . 2 a; "I „ 5/4+m'+z;' 2y \ 

. 2„+l ■^+7 K'[ 2,»-+1 ■ ,1^ 

provided that /?(/»,?) > 0, i2(& + m + 5/4) > 0, R[v' + m' -f 5/4) > 0 and the 
integrals involved in (6*2) are convergent. 


Proof. 


Using the result (3'2) and (6‘1) in the theorem 1, we get 
/o Jo dx = r(» + w -f 5/4) r(o' + m' + 5/4) 

r f" (2*)”'+*/* (2j.)«i^+l/4 („ + ;c)-(''+W+S/4) ((5+^)-(«'+«l'+8M)^(;, «) 

J 0 J 0 ’ 


^ 2^1 


p+w+5/4 

2/n+l 


2a; 1 r v'+m' 

’ “+« J * ^ L 2m+l 


+5/4 

’ jS+J- 


Multiplying both sides by ra ;8 and finally on replacing a by j!» and jS by q, 
we obtain the theorem. 

Corollary. Taking A; = A' = - = - m' = 1/4 in the theorem, we obtain 

the theorem due to Rathie [6, p. 47] 

7. Theorem 6. If 

\ a] .F. r •'±, ”■+=/* , 5 ]/(v) 

L a; m-n+5/4 J L +5/'!^ J 

then 

4r( ;2+2m+l) r(n^4-2m^ + l) 

H"A log(? (-l)^i+^'r(2m + l) f(2m' + l) 

^ Jo Jo 'T(^±ot+ 5/4 I’(i±ff2' + 5/4)~ (2y*/('f.<) * dt (7‘1 

provided that the integrals involved are absolutely convergent. 
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Proof. 

We have 


0 




r «±»+5/4 ^ J >±»'+5M.j 

|^j:-OT-n+5/4 J \_J-^ +■5/4 

On replacing p and q by log p and log q respectively, we get 

^CO ^00 

P[IqSP, log q] = logi>. log ? J ^ J ^ 

^ P f i±?»+5/4 . i1 p r <±?n'+5/4 . , 1 

* ^ [ j’-»2-«+5/4 ’ ^ J * 9 L /--m''-b'+5/4’ J 

Now, using the result the result [1, p. 18] 


J\x,y) dx dy 


p-S(ftf{s, l) 

ds dt 


17-2) 


p-s,F,\ ; J 1 

L j-m-«+5/4 J 

M 2 (2xy r(2m+w+l) r(j-OT-n+5/4) 


(7-3) 


^n+m+hm (-1)" r( 2 m+l) r(x:t»2+5/4) 

in the result (7-2), we obtain the theorem. 

Corollary. 

In the theorem, if we take n = 0 and m = m* = - 1 /4, we gel; the theorem 
due to Bose [2, p. 175]. 

8. Differ entlal Property. 

Differentiating the equality (4-1) with respect to a and b partially' •iind then 
putting a and b equal to unity, we get 


and 


]m’ ] '"-“I 

provided that both sides exist and are continuous. 

9. Integral Property. After dividing by a and i, if we Integrate the 
equality {4-1) with respect to a and b respectively between the limits 0 and 1, 
we get ' 

J, *(“■«> 7 -■ 


and 


k',m' 

k,m 


r h(a,y) ~ 

J 0 

Cv 

h{x,b) 

J 0 


da 

a 

db 


provided that the integrals are convergent . 
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da db 



we get 


instead of taking the limits from 0 to 1, if we take the limits frotn 0 to c6 ; 


p da 

'/'(«>(/) a 
J 0 

r db 

J« b 


hia^y) 


h[x^h) 


r r dadb k,m r r . 

J. j. T m ,L J. "« 

provided that the integrals are convergent. 


Substracting (9*1) from (9-2), we get 


h{aib) 


da db 


rP da k^m C , 

J. ♦(»>«' ; ip^ J,. ; 

rn db kyn f** db 

J_ i i'X J, 4 [ («■=*» 

and 

ev /-a dadb k,m r T ,, ^dadb 

I J. r4'“»' J J. "'“-‘'T 4i 

provided that the integrals are convergent. 
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Introduction 

The usual extension of a semi group to a group and our order complete 
extension of an ordinal semi group’ are respectively best on bot h sided Ja- 

tion and left cancellation of the underlying operation but John Olmsted has 
extended a cardinal semi group without cancellation into transfinite rationals, 
in which division is not the inverse operation of multiplication, buch an 
extension of Olmsted leads us to a new algebraic structure which may here be 
called a pseudogroup. 

The paper then proposes to develop a theory of a pseudogroup. 


1 , A semi group of idempotents. Let [S, + ) be a comimdativc semi 
group in which a linear ordering is introduced by defining: a4,h 

provided that there exists an elements x ^ b in ^.9 such tluit ^ *4** 

X is unique, then x is designated as - ^ ^ called difference ^ 

a + + ^ according 3 .% a < b ov b < a. 


Theorem 11. 

(i) A semi group (5,+) consists of idempotents pxwided that : 

[ii] in which ^ ^ J <2 + ^ ^ ^ for = . 1 ? ^ 

(m) 8 (^ 5 ^) exists if ^ b ; 

(iv) the least idempptent e if it exists is a neutral element. 


Proof 

[i) a — a-^a~\~a^a 
{ii)’b ^ b + X ^ X ' 

Also a ^ h. b ^ X a ^ X a X.^ X . b + x. 

(Hi) Existence of 8 ( 6 . 6 ) * ->. 6 4- a; = 6 < ,6 non uniqueness of a:, 

{iv) e < X ^ e + X - , a ; for each x. • 

A semi group with the least idemponent ^ is a monoid iS\ A l)iseini 

group (iS, 4-,*) consists of common idempotents provided that a , 6 iff 
j- 6 = a ,6 =r 6 ; which is called binoid (S, 4 *? • j if least: common 

idempotent e exists. 


2. Definition of a pseudogroup 

Definition 2'1 A pseudogroup (shortly p -group) (CrV*"), + ) is a not 6 ’ 
together with a unary ( -• ) and a binary operation <+ on G satisfying the pro- 
perties : 


[ 32 ] 



Gl : ((?,+) is a se,migroupj a set G with ah associative operation; 
(G2) for each a e G^ there exists a pseudo inverted element ^ such 

that a f {a + b) = {a ^ for each b ; which is a group provided that: 

((92)* « I {a + b) ^ {a'^ a) ^ b b 

Thus a semigroup whose elements are p invertible is called a p-group. 
Throughout it will be assumed that a p-group is commutative unless otherwise, 
stated. 

Definition 2*2. Let (G, + , bo a p-group which includes subsets 
with the properties ; 

( 1 ) for each a b Gy either a e G+, or iTe fr, or <3 = a = <2 + 

(2) ay b B (9+u a + b b G^ \} 

Then an element < 3 : of G is called positive or negative or an ultra element accord- 
ing as G’»" or iT e G+ or a = « e G«^, 

In terms of the subsets G*** and G^y it is possible to introduce a partial 
ordering in G, 

Definition 2*3. a < biiJb ^ a G^ 

a - b if£ a + b ^ a b B G^^ 
i,e*y a ^ b iff a +b e G+ U G*‘ 

It can easily be verified that : 

Pi : partially orders G ; 

; ay b e G^ and a ^ b <3 + a: = ft + a: for all > 4 
Pg : a b b < a, 

P4 : If a (J ft exists, then a f\ ft . — * (i"iu b) also exists for each a and ft ; 
ordering is^ therefore, a lattice ordering on G. 

3. Embedding 

A monoid of idempotents can be extended to a p-group. 

Theorem 3*1. 

A monoid (»?,+, ^) of idempotents can be embedded into a p-group 
with 6 + r as a neutral element. 

Proof 

Let be an equivalence relation in the cartesian product 5 X 6 * defined 
by the statement : 

{diy bi) E^[a^y bf) provided that : 
m 4- ~ + fti ^ m + ^ n + fta my tie $ 
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Then there exists a canonical map 

S X S-i'SIEi (quotient set module E,) such tluit : 

^+d), 

a) and ^^(a,b) - d) = 4>i{(i,f>) + 

Clearly + <biie,e) = 4)i{a-\- e, 

^ i>i{Cid) provided that 

m-Ya>n'^b-^m-\r(^>'^'^d and m ^ a ^ n i' i ^?i5 + <? ^ w + </ 

j>i{a^b) is denoted by a-b which is positive or negative or an ultra element 
and is represented respectively in the canonical form as i or according 
ELS a > b or a <z b or a = b. 

Clearly is a p-group with as the neutral ( lement, on which 

the partial ordering < is a lattice such that | d? ) = ^ U a, 

A bisemigroup of common idempotents can be embedded into two p-gremps* 

Theorem 3*2. . 

A binoid j *, e) of idempotents can be embedded into a. p^gnmp 
fiS/JS'j-f >H) with e-e as a neutral element on which a lattice ordering can be 
defined as well as to a multiplicative monoid, positive elements of which are 
idempotents. 

Proof 


The underlying monoid (*S, of the binoid can be embedded into a 
p-group (*S'/£',+/"0 with a neutral element Let us introduce nniltiplication 
in the set S/Ej^)+\j {sjjb^ ) of non ultra elements by delining {a-b) {c^d) 

== 8{a,b) B{cJ) -eor e- ^{a,b) S{c,d), according as the factors arc of the same 
sign or of opposite sign. 


Then - ^) is a multiplicative monoid whose positive elements 

are idempotents with ^ ^ as idempotent and which is an extension ol 


the underlying monoid (^S 

Theorem 3*3. 


I,) of the binoid where ei> e 


The monoid embedded into a multiplicative 

p-group on which a lattice ordering can be defined. 

Proof 


For the sake of brevity the elements of will be denoted by 

O', 7 ... . Introduce an equivalence relation in ((<S'/£\)’'w defining : 

("n ^i)^a (^25 A) iff the couples, have the same sign, or have the opposite 
sign and further for every v e {SjE^Y^'^^* I I I > I ^ I I ^ | 




Then there ejcists a canonical map (j)^ : 
U«> i3) Uy> 8) = ^a(av, ^8), ( U<‘> i8) )- = 


y (5/Ei)/Ea such that 

«) 


C 34 ] 



Then jEt^ is a p -group with -- e) as a neutral element. 

^ It is possible to introduce a partial ordering in (5ffij)/£2 "^hich will be a 
lattice. 

Revnark 3’1. 

The above extemion of a binoid (^S, +,*,<?) into a multiplicative group 
(SIEiY^'^^/E^ is obtained via the monoid whose positive elements are 

idempotents. 

Howevetj it is possible to extend a binoid into a multiplicative p-group 
isomorphic to {S/Ej^'^YE^ directly. 


Theorem 3*4. 

A binoid S can be extended directly into a multiplicative p-group [S/R] 
isomorphic to the p-group ( (S/E^Y^''’ jE^). 

Proof 

Let {S X tSj* = ( (i, c) \ b, c e b c ], Introduce an equivalence rela- 
tion R in the cartesian product S x (.S’ x S)* defined by : (a ; b, c) R {d ; e,f) 
iff b G e ^ ./and further ^ n Ub,c) :^m d ^ /z S{e,f) 

Then there exists a canonical map 

</>,j : S X {H X S/R such that : 

^.,(a ; b, c) ; e,f) = <l>.^{ad ; 8 {b, c) 8 («,/), 0), or 

<bsi,{ad ; 0, h{b, c) h{e,f) according as6^c?±e^/, or(&>c?±e </; 
(^a(« ; <^)— 

— c) o «) 0*" d>a{S{b, c) ; e, a) according as 6 > c or i < c ; or 

1 d>a c) I < 1 ^3 (d; e,f) | iff m a > n 8{b, c) -^m d > n S(e,f) 

and ma = n 8{b, c) -^md v 8{e,f) 

0ij(a, b, c) < </)s {d, e,f) iff the first is negative and the second is non 
negative or both are positive and then b, c) 4 >^{d, c,f ) or both are 

negative and then ,^{d ; f, e) < d>-3{a ; c, b) and j /, r; 96 ; c b . 

i>3{a, b, c) can be denoted by ajb - c which can be represented in the 

canonical forta as aje if i > c or aja if b > c and a — S{b, c), or - aje if b < c, 
or - aja if b < c, and a = 8 (b, c). 


It can easily be verified that (S/R, -~) is a p-group with = 

neutral element on which a lattice ordering can be defined. 


^1 

— as a 


The mapir : S/R {S/EY)'^''^^ /E^ defined by (r{alb-c) — als{b,c) or - a/^ib, c) 
a^jcording as i ^ or i < ^: is an isomorphism of the two p-groups. 
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4* Esampie 

Let Gx be a set of all transfinitc cardinals less than the cardinal f . 
are usual cardinal operations and < the usual ordering relation in Then 

(C'aj + 3 *3 a binoid of idempotents, with w as a neutral chuinmt* Thexi 
(CjE^+r) is an additive p-group whose elements are calhjd mtegroids or intc*^ 
groida] numbers of the form which is positive or negative or an ultra 

element respectively denoted by or w or w.t, - according 

as Wa > wp or or w^, — wg 

{CJR, is a p-group whose elements are called rationoidal muuhers 
of the form Wal^p - A rationoidal number wjw^^ - Wy is positive if , - Wy 
and is denoted by wjw or wjwa^ or according as • Wfj or to, ^ Wj^ 

or negative if and is denoted hy -wjw or or 

according as zo^^ > wp or or = wp. 
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Introduction 

It is well known that there exists a unique sequentially complete Archime- 
dean ordered fields isomorphic to the ordered field of real numbers. Our exten- 
sion of ordinal numbers^ is order complete and contains a complete ordered set 
of real numbers®. It is possible to generalise sequentially completeness and 
Archimedean ordering in an ordered field and then to break down the uniqueness 
of a complete ordered field in this generalised sense. 

The paper proposes to develop the theory of a Wji sequentially complete 
and Archimedean ordered field containing a w sequentially complete Archime- 
dean ordered field. Such a complete ordered field may here be called a hyper 
real field* 

1. Embedding of an ordered semi-integral domain in an ordered 

field. 


Definition Tlv^'An ordered quintiple < 0, 1 > is called a semi- 

integral domain (SID) provided that : 

(i) each of the systems < D, +, 0 >, < D, 1 > is a commutative 
monoid ; 

, {it) . is distributed over + ; 

(m) a + c b = c ; which is w^i semi integral domain provided 

that card(D) = Wfi 
Definition 1‘2. a <, b iS a b b 

1 *3. A SID is ordered provided that : 

a <C b a> <C c -J-* b for all c j 

ca < cb for all non zero c, 

Ibeorem IT 

' < Wpi, +n . , 0, 1 > is an ordered SID, where and are naiural 

operations in 

Proof 

het a £ Wfi be represented in the summation form according to 

decreasing powers of the base tv, where arc natural numbers. 

Then (rn^ + p^^), Iwi'-p^ = {m^Pn) 

It can easily be verified that W/x with natural operations is SID which is 
prdered with respect to the lexiographic ordering or usual ordering relation. 
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Theorem T2. 

An ordered Wji - SID includes : 

(f) a minimal sub domain order isomorphic to w - SID ; 

(«) subdomains order isomorphic to - SID, where r 

The proof is trivial . 

Theorem 1‘3. 

with natural operations is a SID iff' a is an additive indecomposable 

ordinal ue. x is not the sum of any two ordinals less than fx. Tor +//. is to 

and ‘ is to iff x is an indecomposable ordinal. 

n 

Theorem 1'4. 

< ‘ 0, I > is a SID for each ordinal number <x. Tor is 

n 7). 

additively indecomposable for each a. 

Theorem 1‘5. 

An ordered SID can be embedded in an ordered field. 

Proof. 

In a ordered w - SID, a < ^ » a = 0 for a tinique x •f— I), whore x = 

p - a, D then can be embedded in a field by means of triplets. But i,u 
an ordered domain such an x does not exist. It is, therefore, natural to extend D 
in a field by means of quadruplets (qts) as follows ; 

Let (D X D)* = = i<a,p>\«,p^D,a::Ap} CD X I). In the 

cartesian product D® X D^*, let E be the equivalence relation defined by the 
seatement ;< a, P y, S > E < E t] •, C, X > iff “■Z + P^" +‘ = wr -\- 

BZ + yZ + SV 

and let the quotient set D^ x D^*IE be denoted by F. Then there exists a 
canonical map ^ : D“ X defined by ^ <a, B ; y, S > - ot -• P/X-S such 

that 

(»■) H Pi,y,h> + <® 2 . P ^ ; 728a>} = Pi rp., + 8i p^) - 

('‘182 + PiFi + + 8is) / ('Vi'ya + Si8a' - (yjSa + Sjya). 

[ii] ^^>{ ; y],8i> . <0(5. pf^i ya^2>} = («i<ia + b'l^a) " i^ilh + “alh)l 

(TiTa + Si^a) - (y-iS, + 8,72) 

(in) 4 . (s/3.; 7,8) < 4(1, V ; Z, <r] iff 
“ C + q- 72? 4- 8 ■ < av pZ + 7 | 4- 8^7 
It can easily be verified that : < Fj^. 4-, •, < > 
is an ordered field containing an ordered : 

(i) SID {(DxO) X (1X0)} ; 

[ii} integral domain ^ {(DxO) x (1x0)} U 4 {(OxD) < (1x0)} 
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ftemarfcs 

1*1. Fd is called the difference quotient field of b. 

1*2. is a field containing a minimal field Fa- order isomorphic to the 

field of rational numbers 7^,,, includes a subfield F where w <- wa for each 

w 

ordinal a < Wfi and is, therefore, called a hyper rational field. 

1*3. Fu'^^ also contains an ordered integral domain whose elements are of 

the form S {nt)^ - U)^) where is an integer. Such an integral domain 

is called the domain of hyper integers. 

Definition 1*3. An ordering < of an ordered field F is called : 

dense in F, iff, for any afi with a < by there is some Cy sd a < c < b yWyi, - Archi- 
medean provided that for each a e Fy there exite an ordinal J i Wfi sd ^ > a. 

Each of the following statements characterizing m Wfx- Archimedean 
ordered field is equivalent. 

Theorem 1*6. 

An ordering of an ordcixd field F is Wfi - Archimedean iff : 

1*6 for each a i Fy there exists an ordinal e w^i sd. - i < a ; 

1*7 for each iDositive a b Fy there exists an ordinal $ e Wjj, sd Ijl < a ; 

1*8 for each pair Uy b with > 0 acd a < b there exists aX sd Xa > b* 

Definition 1 *4. A subset X is called an open interval ifiF for some ay b b Fy 
X^{x\a<x<b}, 

2. Transfinite sequences in an ordered field. 

Definition 2*1 » A sequence of an ordered field F h x : Wyt, F 

which is also denoted by < a; ^ where a i 

Clearly the ordinary sequence is simply a.w - sequence. 

Definition 2*2 < > is a fundamental sequenc^p in Fiff to each ^ > 0, there 

exists a such that < Xa> n in each open interval < x - By x^ ^ c > for 
I > Ic : 

2*3. < Xfj^ > converges to x iff it is eventually in each open interval con- 

taining X. 

In an ordered field F each convergent Wy, sequence is also a fundamental 
sequence. But the converse may not hold in Fy which induces an incompleteness 
of F. 

It is to be noted that a Wy Archimedean ordered field of hyper rationals is 
incomplete in any one of the following equivalent senses : 

(z) There are non convergent Wy fundamental sequences in Fwy l 

[ii) There exists a Wy sequence of nested closed intervals not containing a 
common point. 


C 39 ] 



S. Completeness of an ordered field. 

Let 5 be a set of fundamental sequences in P and let Ji be a relalion f)u 
S defined hy. < > E < > iff for each e > 0, there corresponds an ordinal 

number s.t. <ya. > is in each open interval ; a*^. - e, x,- ■ c : ■ for ;• , - 

The quotient set SjE can easily be verified to be a field with the usual definitions 
of + and . of sequences. If S be the set of fundamental sequences of hyper 
rationals, then an element of the quotient set is called a hyper real. The set of 
hyper reals is denoted by R, 

Definition 3-1 , An ordered field J? is Wii sequentially eomplclc ilT Hticli 
Wfi fundamental sequence in R is a convergent«sequence. 

Theorem 3*2. 

is a sequentially complete ordered field. 

Proof is analogous as for = 0. 

The Archimedean of property of is expressed in tlic followinf^ general 
form. 

Theorem 

An ordered field F is : w^i, Archimedean ilT ; 

3*3 the subset of all hyper rational elements ofi^’ is dense in F ; 

3*4 each element of F is the accumulation point of a sequence of hyper 
rationals of F . 

Proof is analogous as in the case of /a 0. 

Finally we give a characterization of it! among all ordered lidds* 

The following statements inferring to a complete ordered field .are ociui- 
valent, each chai acterizing the hyper real field. 

Theorem 

R is : 3-5 W/, sequentially complete and Archimedean ordered field. 

3 6 Archimedean and each wp, sequence ol nested closed inteivals in A 
has a comSmon point, 

The proof is analogous, as in the case of ordinary reals. 
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Abstract 


In this paper the author following Ditkin and Prudnikov, has introduced the Laguerre and 
Hermite polynomials in two variables in the form : 




('> < - 


■“ r ! r(a+«-r+l) r{^+r+l) 


)2<‘r r(«-r+i) r(J-+^^) 

"a«+i (*. y) - „i 1 22»’+i r(«-r+t) r( 


^a»+i (*> y) 


and has studied certain of their properties. Besides, some definite integrals involving these 
polynomials have been evaluated by making use of the symbolic calculus of two variables. Inci- 
dentally some other interesting results have also been obtained. 

1. Introduction 

Laguerre polynomials have been defined as [5, p. 204] 

n.n r(“) ^ ^n+a) 

n ! dx^ 


with generating function 


2 


11=0 n 


while the Hermite polynomials are given by [5, p. 189] 


(1-3) «.(«) = (-!)».*’ g. (,-*■) 

with generating function 

(1‘4) ^ H„ {x)^— = exp {^xt - t’^) 

« = 0 • 

The object of this paper is to introduce Laguerre and Hermite polynomials 
in two variables and to study certain of their properties. Besides, some definite 
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integrals involving these polynomials have been evaluated by m^ilcixig use of tlie 
symbolic calculus of two variables. Incidentally some other interesting results 
have also been obtained. 


2. Following [1 5 p. 139] Laguerre polynomials in two variables may be 
introduced as follows : 

(2-.) = 

” • r=o r! r( «+«-?■+ 1) n/Hr-i-i) 

Re a. Re I 


Clearly 


4“'^’ (*■>) - 


(/?,«) 


{J> «) 


(X, 0) = xW {X] 


and 


=xW 


We shall write x[®> (x,j,} = L,,(x, y) 


So that 
with 

It is easy to derive 

(2-2) 


IJ;) 44 '4f 


j n\&>^\x,y)P>' 

nU [r+^7fr+j)„- 


- r(l+a) (xtri<‘ {yt)-^i^, etj^ j0{2V'yt) ; «, /3 - 1 

''““I' ft(lS),p.l89]b=oomosa 

Now using [4, (30) p. 191] 

(2*1) gives 

(2-3) 4*-/’) ,,.+^ 


^ «> -1, /3> 0. 
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Similarly [3, p. 292] 


Aj'y-i fi-" .(x) dx = ^ y > o 

leads to 

(2-4) f " ;.7-> <.-•>-• [X, y) dx = (^- ^+1)»(1 +^)„,r(^) 

J Q W n I «1 


^2ir r 

Ll + i?, 7-a J 

The Hermite polynomials in two variables may be introduced as below : 


= (M-', (;) 


^2r(*) J'®”"’*' 

2^’- r(«-r+^) r(f+i)” 


Clearly 


iZ, . , ix vi = V ^ ^ 2 r+i(^)- 




nfo (2n) ! = ^ 

„fg (2« + 1) ! = « sin(2xf) sm(2j0 

With (2*5) and the result [3, p. 288] 


r Hein [x)dx= {-I )» r(n+i) 

J “"CO 


where 




1 H 

>n ^^71 2 j 


! may immediately derive 


Hin {X, y) dx = yj- ^ H,„, (/2 jr) 
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and 


(2-9) J“ dy J“ = (-])«■ I J ^ T{n-H) 

From [3, (5) p. 288, (6), p. 289] by a littli; change of variable we; shall liave 

r*%in {ViM (-2r J I 

and r cos (VJlSx) ff^Jx) * = ( - If 2'” /?=*». 

Jo 

which yield 


(2-10) f" (VfM (^> J) dx = 22«+J . <?-^V2. 

j 0 sinA 


j,u [• 1 


X 2Ii 




'"L 


n, 

■i- 2“ii 


f TT 

“F 


(2j)2'h ^V2 2Fj 


« -h 


’ X ! 
I (1 


jSa 


2 j-“ 


Starting from [4, p. 195] 

r(n + a + 1) (1 - dt 


iTspec lively. 


= ( - 1 f {2n) ! r(a + i) (,v) 

ll 

we have 

(2-12) r(n + a + 1 (1 _ t, Yi) dt 


_{-l)"ir(2n)!n!r(«+|) (a,-*) 

- riYhT) 


Similarly [2, p. 39] 

J j ^ •^eaa{ 2 A;) cos(a: 1 ) dx \ ( - 1 )” e~^ 


leads to 
(2-13) 


J” ^ ^ '/'3>) cos(a; a) dx 

- (-^)" ( 2 «)! 


m ! r~ _ 

n! /J'2 ' ^ V y)- 
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3. The classifical Laplace transform 


HP) = P \ dx 

•d 0 

which we denote by F{p)-:=^ f{x) has been generalised in two variables by the 
Laplace— Carson transfotm[l], 

(3*2) ^ pq r r e’''^^'^Hf{x,y)dxdy 

Jo Jo 

which by analogy with one dimensional symbolism we represent as F(p, q) = 
F{p, q) is called the image of the function /( a:, y). 

The images of the polynomials introduced in (2*1) and (2*5) are given by 


(3-1) 


{n !)>> yl3 j,) ^ 1 - i - 

f(^'?;qrT)' r{n + p +rr) " P"^ q^\ P 

”• -/y) ^ /ill 1 \ 

,r(2n)! '/xy ~y^'>\p'^q~^j 


1 1 \» 

’ ?/ 

Re a. Re ^ > - \ 


(3-3) 

(3-4) 

r.^ « ! tr , .. 1/1,1 , \” 

(3-5) qny! ^ g--^) 

We shall now evaluate some integrals involving these polynomials by making 
nse of the symbolic calculus of two variables. 

(3*6) The following results[l] shall be required in our investigations 

- ^HP)_ (p_ 47) 


{a) r A>‘>>^-i)d^ = 

J 0 


P 


{b) r r /i(l, A-Ai’c di dv = (p. 43) 

J 0 J 0 


^ H{ p=<i)- HUh g) 
Pi 


{0) 

id) 

(«) 


n ao 

0 


rdsrt;yA!iAs,t)dt~^-y-j 

Jo Joy 7r(x-t). ^ 


Jo (2V J* )Jo{^V ‘y i) ds dtd^^ 4. |j (p. 58) 

l2 _ 

jPV /). {)) 

(p. 66) 


f" * r ejyrjyj} (p, 

Jo Jo 2y V P 


« 4wr. I 


00 /»» 

0 


V[x-t)» 

ii iL 

■ " *y .f{s, t) ds dt = F{e/-p, ^J) (p. 59) 
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From [2j p. 174] we shall have 
1 


(3-7) 


( I _ — ;V« |-yS+l ,,, > 

pf*+P+i [ P j ‘ + ^ + ” + 2 ) fi 

Rc{m 4. /^) - 2 

Ifwe now apply (3-6 a) to (3’3) we have after simplilieation 

1“ Z,(®’ x~l) di A:''+i3Mx(“+/Hl) ^2x) 


f. 


r(72 + a 4 1) r(K + jS -j- 1 ) “ n ! r(a + -i- « -i- 2 ) 

^«(« + /?);:■ -2 

Again from [1, p. 120] 

Writing 

and using (3*6 6) we get 

(3-8) J-;/;?-. ^-d 

l(“» /^) (a-, j,) 

\ti •*!*-• J ^ ^ 

Similarly writing 

' Pq " ~~ 


Vpq 

and using (3-6, b) we have 

(3-9) r T (0 r - ■ 

{y-iq)) dn 


V^f) 


If we write 


J 0 J 0 


it follows that 
(3-10) 


/I/.' = 


(?n-fl)~! ('/ x,'Y' jT) 



Application of (3'6 a) to (3’4) with 


L,,(2x)^ 1 - 


(3-11) 


Next from (3’6 a) and (3"5) and 
( n-f 2) (n+ 1) / 

- [ 

we get 


2n+l)! Jo V x{x~i) 




(2x) 

n 


{3-12) 


\n + 2)\ r‘« 

ff(2n + 1)! Jo 


T)'! £ ^3«+x(/T, = ( - 1)« ^ 


4. It is -worthwhile to observe that some interesting results are obtained 
by the application of the operational calculus of two variables on simple functions. 

For example, starting from the relations [1, p. 106, 107] 

fY 4 - v) — -+ i) . 


and using (3 '6 c) wc get 


co^ (. +^) # + 


n ot, _ sm« sin« 

/oiSV" ) Joi^VW) ('f + 0 dt = co&h [x jr.y) 


Further from [2, p. 266] 


and from [1, p. 155] 


(i)- 


^rfciP) 


^ Jo [xVy ) # PVq ^ erfcipVg ) 
Now applying (3 ’6 d) we get 


/»«> nx 

I \ 

Jo Jo 


IT V (* - t) 


Jo i^v t)di = erf\ 


From [2, p. 176] 


i e~*’ erf (iy * ) = 


and from [1, p. 137] 

Joi^V XV ) V. 


■ f> 
p + I 


Pi 

Pi-t i 
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Application of (3*6 e) leads to 

s 

(4-3) r ds r S.e’^ J, (2/„ } dt = - i cr/(*V * ) 

2V(7r:i~l? 


Lastly, making use of the relations [1, p. 134, 135J 




xy ) ; • 


/;W {pq - «*) 

j6“ 


^ [/!n(2V axy) + /a«(2'/ a*})] J^a 1 ~ i 


and applying (3’6/) we have 


(4-4) 


Sir-/*) 


, pp 

J 0 J 0 


" 4 .f ■“ 4V 


j {Jiai'dVast) -i Aih(2/«i)} 


ds dl 


( \nii 

jj ) ; K - 4 
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Abstract 

The aim of this note is to establish a theorem involving Gauss's Hypergeometric function 
transform and generalized Laplace transform. An integral involving product of generalized 
Hypergcomctric functions given by Maitland Wright has been evaluated as an application of the 
theorem. 


1. Introduction 


Recently Rajendra Swaroop [5, p. 107] has obtained an 
and uniqueness theorem for Gauss’s Hypergeometric function 
below : 

inversion formula 
transform defined 

G {fix);k, r;v;s} 



(M) 

when r = v ( l • l ) yields 


S{f{x);k; s} = G {f(x);k, r; v, .r}^ ^ j 

(1-2) 

= f /(^) (-f + x)-k dx 

J 0 

(1*3) 


We shall call S {f(x);k;s}, a generalized St ieltjes transform. 


^ The aim of this jDaper is to establisli an interesting theorem involving the 
Gauss s Hypergeometric transform defined by (1*1) and the following generalized 
Laplace transform given by Mainra [4, p, 23]. 

W{f{x) ; v' + i ; k' + i,r' ; s} 

/»oo ^ 

= ^Jo {sx)-'^'-^e-lsxWij+i^,.^.<{sx)f{x)dx (1-4) 

An interesting integral involving product of generalized hypergeometric 
functions given by Maitland [7, p. 287] has been evaluated as an application to 
the theorem. Two theorems recently obtained by Gupta [2 j 6, p. 710] follow as 
particular cases of our theorem. 
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2. The H-^anctioo 

The H-function introduced by Fox [1, p. 408], will be repmeutod and 
defined as follows : 

^ R r I (^1, “i), {an "s) » • ■ • > {<^jii "•p) 

A <7 L I {h> A)) (^ 4 ) ^a) j • • • } P't) . 


m n 

j* 11 r{4;-jSjii) 11 r(i - «j/' + I) 

Ji=j (2-1) 

^ II r(i-i^ + ^il) . II 

jzsm^l , i — «*f 1 

where X is not equal to zero and an empty product is interpreted as unity j 
p, q, m, n are integers satisfying 1 < m < J, 0 < « ; »-/ ( / » 1, . , . , p)^ 

Pj {j = h--- , ?), are positive numbers and ay ( y 6==. 1 . . , q)^ 

are complex numbers such that no pole of r(4/i “ /i/» I) (A =• 1, . . n'l), coincides 

with any pole of r(l - a; + “i |) (« = 1, . ■ . , ti), i,e., 


“j ih + ’') (a - ’7 - I ) iS/j (2‘2) 

(v, = 0, 1, . . . J A = 1, . . . , J i = 1, , . . , n) 

Further the contour L runs from cr - ico to o- + i co such that thci points : 

I ~ (A/i + (A = 1, . . • , 7a J V =B 0, 1, . , , j) (2‘3) 

which are poles of r(A/i - /S/, ^), lie to the right and the points : 

I = (flj - n - l)/s ^ 1, . . . , ; 7? « 0, (2-4) 

which are poles of 1(1 - a,- + a; ^), lie to the left of/,, finch a contour is pos8il)le 
on account of (2-2). These assumptions for the H-funclion will be adhered to 
throughout this paper. 


Properties of the H-function 


,,, 7^^ H-function is symmetric in the pairs (a^, «,), {a,, a,), . . . , (a,„ u„), 

likewise in {ap, ap), in , {b^n^ a3Kl in 

Pm+l)j • • • 3 [Oq^ /3g). 


(?) 


If one of (aj, s) (i = 1, . . . , n), is eciual to one of (bi, BA (i = m -h 1, 

[or one of the (A/j, {h = 1, , m) is equal to one of the (a,-, «,-) 

7 ■ 'F H-fuirction reduces to one of the lower order, 

fom^lae ” decreases hy unity ; we give below one of such rcdticlion 


(a) 

H ^ 

X 

. (^1, “i), (a^, c'a), . . . , (up, cip) 


P>9 

- 

ih> Bi)> (Aa, /'a), . . - , (A,y.i, Bq.f), (a^, «,) 


= H [ xl («2> s)> ■ • • , (ay„ Uy,) - 

P-hg-l L 1 (A„ /3i), , , , , (A,y- Ijiy- 1) _ 
other reduction formulae being similar. 


(2‘5) 
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The obvious changes of the variable in the integral of right hand side of 
(2*7) give us the following result : 


!2! 

1 

(«lj 

«,), . . . , 

(ap, ap) 1 

1 1 

ih, 

I3i), .... 

{bq, ^q) J 

II 

XB 

(%, caj, 

. . . , CO-p) 1 

P> ? 

_ 

{bn Bpi), . 

' • • > {bq> cPq) J 


where ^ > 0. 

The following particular cases of the H-function have been pointed out 
recently in an earlier paper in these proceedings® 

(1) ^ \ x \ • 3 ^ f j 1 r2*7) 

A ^ L I (A. 1). • • ■ . (^(?. 1) J A 7 L I Aj ‘ J 

where the function on the right hand side of (2*7) denotes the well known Meijer’s 
G-function, 


S 

X G 


/2\ ^ “k 2 ^ j (/j^5 S 5 (/2, S)^ (^JL) M)^ • • • J 

/^ + 2, y + 1 * (A> ‘ . bq. {f> S) 

i+/-'w, (“>■)+«-»« (2,|» 




- ^ - ^J=^l 

Mn, 2S+M 
2S+Np, Mq+S 


Jq'ip-q) * ' “ > 

A(JV’,^^), A(6',/) J 


Where throughout this paper A (fS*, a) stands for the parameters 

d (2-1-1 <2-f"2 (2~i|["*^ “1 T -Kr a r 

~ ^ ^ j • • • 5 and Ms o for positive integers. 

(3) The function defined by the series : 

fi 

^ 11^ T[aj + a^r) ^y. 

r=0 g c--|— - 

II m,j + pf) 

i=i 

was considered in detail by Maitland [7, p. 287]. We shall call this function 
as Maitland’s generalized hypergeometric function and denote it symbolically as ; 


^ r ^i)> • • • 5 {^pi ^p) 

"" " L ihP,), 


The following formula gives us the relationship between this function and 
the H-function : 
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r K “x). ■ • • > J 

^ ^ L {K, h), • • • > {h> M J 


= H r a; I ■ ■ • . (1 - «w 'V) I /o.Q^ 

A ? + 1 _ (0) ')j (1 ~ /^x)> • • • > (J “ /''/> /^'/) J 

3. 1 he following results® will be used in our suI)so(tueut disnussiouH later 

on : 

(«) J F^k,riv,- f ) ; i ; k' -f i r' ; .v | 

_ -I Rl + / - ± -r), [k, 1), (r. 1) . r-n 

L (^7, 1), (1 + ^- fr) ’ «J 

where o- > 0, Ris) y 0, R{1 + I - v' d: r') > 0 and | arg a \ • : v. 

‘ [ (Z to ■ R It Xi ■ - ® 5 ”' + » ’ *' + !■ 7 

’>.^ + 2 [f (”' ± >■'> (1 “«i. «i)> • ■ ‘ R1 «?;) 1 

^ + 2, J +2 _ J (0, 1), (1 - ij, ^j)j . . , , (I ~ hq, Pq), (v' •{• k' ^ 1) 


where o- > 0, R{s) > 0, iJ(; + 1 - i;' ± r') > 0, 1 + § («,•) - ^ > ()^ 

Jwl ‘ ; I 

aiid |arg^|<(l+ s (a,.)- ^ (&) jr 

\ i=l ' j=l / ^ 


nta * I- 

{() H 

J ® /’)<?_ 


(«X) ■ • . , {ap, aqi) 

Pi)} • • ■ ) {!>q, P(j) 


a^'i (^i5 '“a 5 fi i • x x) dx 


= i/“ + 2> ” + If (A= '‘l). • • . . (An ««), (1 - -r), (r/ ... /,,r), 

('^l) (a) / + 2, ? + 2 [ j-r [by, p^), . . . , (A,^, 

(a„4i, Ai+iX ■ • • ) lA'.j «/') 1 

{^■m+lJ . . . , [bq, liq) ^ 

where + <r min ^ ) > 0 (A = 1 , . . , , > 0 , 

i (I + , „.x ( 5^) . „i„ , J < 0 (i = I, . , . , „ .y „ I , I ... , 

m q 

1 ~fl+i > 0 and I arg^ I < ^ X w. 
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4. Theorem 


If W{<j>(x) ; v' +i;k' + I, r';s} = s^f (/''), 
— _ 1 

G{,r "■ ^ f{x) ;k,r;v;s\ = h{s) 


k{s) = <r f x-'-^^<li^ ^ 

Jo L (’?>!)> 


I ± r', or), {k, 1), {r, !),_£; 

{I + I- k' -V',cr) ’ i 


U(;() dx (4-2) 


provided Whittaker transform of \ {x) \ and Gauss’s hypergeometric transform 


f{x) I exist and the integral given by (4*2) is convergent. 


Proof 


Mainra [4, p. 25] has proved a theorem for the transform given by (1*4) 
which is analogous to Parseval Goldstein theorem for Laplace transform : 
Mainra’s theorem states that : 


W{ + ;s} =/,(.) 


i j + ij =/2(‘y) 

then 

J-- h ma (») * . J, ,4.3) 

provided that one of the integrals in (4-3) is absolutely convergent and Mainra 
transforms of | (x) | and | (x) ] exist. Using this theorem in the pairs 

given by (3'1) and (4'1) we get : 


rwr(r ) r 
r(’?) Jo 


xl+P-i f(xo-) FI k, r; v; 


- r * r '■ f:;!- ^ - --i ^ (4-4) 

•/o L. (^jI/jII ^ "“1 “ l k y (T^ ^ J 

On replacing a by ^ in (4-4), we get the required result after a little simpli- 
fication 

Corollary 1. 

On taking v' — k' and k' — i r' in theorem 1, we get. 

If 

L {4>{x) ; 4 = jP /(/’■) 

and tiJ _ i 

G{ai "■ fix) ; k, r ; V ; s} = h{s) 

[ 53 :] 



then 


h{s) 


r . 

I X 

J 0 


3^1 


(1 + /,"•)> (A.i), 1 ) ; „ r':] ^^.v) 
{% 1) ’ ■“'''' 


(4-5) 


J 


provided that Laplace’s transform of I <l,{x) | and Ganss’s fiinotion 

PjrJ_, 

transform of I a; ~ /(*) i exist and the integral given by ('bf)) is absoliilcly 
convergent. 

Corollary 2. 

If we put ^ = r in the theorem given above, wc obtain l)y virtue of (1 *2) 
and (1‘3) the following corollary : 


If 


W{<j>{x) ; »?' + i ; A' +'J, r' ; .t} = sPf{.n 


then 

and 


P + / 


-^f{x);k-s} = h(s] 


h{s) = 




r(^) 


0* r 0(vV) 
J 0 




(1 - •>?' + / d: r', 'r), (A, 1) .V 


( 1 - 1?' - A' + b "■) 


., 1 ., 


provided that Mainra transform of \ <I>{x) \ and generalized .Stielljos transfonn 
of I a: ^ fix) I exist and the integral given by (4'6) is absolutely (uuivergent. 

(4-6) was given by Gupta® in a slightly different form. 

Corollary 3. 

If we take o- = J\fjS, v' — ~ r' and replace k' hyk' - ^ in corollary 2 wfi get 
a known theorem [6, p. 710] by virtue of the relation (2n'))5 (2'(i) and 

Example. 

Taking ^{x) = (" (^8' “a)= • • • > {((p> 'b') . ” 

” L (*., ft), .... (i,„ ft,) ■ ■ '‘J 

in theorem 1 we get by virtue of (3'2), under the conditions stated there : 
sPfin = i? + 2 r ^1 (v' ± r’, 1), (1 - a^, af), . . . , (1 » "I 

/- + 2, ? + 2 L ^ I (0, 1), (1 - i,, /3J, . . . , (1 - h^, pq), iv' + A', 1)J 
~^f{x)=xll^-^ H I zx-V" 1 i r. «i), . , 

m?+2L 1(0, i),(i-ii, ^1, 

(1 - Cp, a.p) “I 

(1 - % i‘n' + A', 1 J 
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p+i i 

bn finding the Gauss’s Hypergeometric transform of a; ^ /(a?) with the 

help of (3 ’3 ), we get under the conditions directly obtainable from there 

Ms'\=sil°' H + r I (IjOj (1 - //f, 1/'^), (''7- 1/y), 

{bt, / 3 i), ..., {bq, I)-] 

{ap, ap), (k - ll<r, 1/cr), {r - Z/o-, l/c) J 


Using these values of <b{x) and h{s) in (4‘2) we get the following integral : 
(1 + Z - v' ± r', tr), (k, 
iv, 1), (1 + l-v'-k', 

(flj5 ^’j); > . > j 

(^15 • • ■ } (^f/j /Sg) 

= l/<r jZ/-^ H ^ 2 r_^ (1, 1), (1 - Z/s lAr), {V - Z/cr, I/o-), 

?+4,j>+4L ^ ± r', 1), {ai, o-i), . . . , 

{bu!3i),...,{b<j,l3r^),il-v'-k',lp 

{ap, ap), [k - tjv, l/o-), (r - Z/ir, (1/tr) J 

P Q 

where o- > 0, 1 arg j | < r, 1 -h s (a^) - s (fy) > 0 

j=l ‘ j=l 

I arg« I < ( 1 + («j) ' , iZ ^ Z j > 0 (i = 1, . . , , p), 

^(1 ± ri) > 0, R((rk - /) > 0 and i?(crr ~ /) > 0. 
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Abstract 

Jn this paper we have given the nth, derivatives of the H~function. Certain recurrence 
relations are obtained by putting n= 1. Bhisc2 results follow as particular cases. 

Introduction 


Fox’s^ H-function is defined as 


H 


2m J 


I 3 u 

X 

(^13 ^ 1 ) • • 

lap, Cpf 

p, i 


i (h>n ■ • 

■ • • {^>< 1 ) fij) _ 

1 

11 T{bj - 

fjs) 11 r(l -a,i + Bjs) 

j-l 


Q.7T1 i ^ P 

i n r(i-i^+/y.) n 

y=/+i J~u+l 


A'*'’ ds 


(1-0) 


where an ^pty product is interin-elcd iis 1, 0 < rii < (j, 0 « s. p j Us uiid f’s 

are all positive ; £ is a suitable contour of Brancs type such that I he poles of 

- ff))j = 1,2. 1 lie on the right hand side of the contour and those 

“'y + = 1, 2 . . . . u lie on the left hand side of the contour. 

Also the parameters are so restricted that the integral on the rigid hand side 
of (I’O) is convergent. 


Consider.* 


dx'^ L 


(«1> h) . . . (ap, Bp) I 

(^u/l) • • • I 


=(.l)n/i n-\ I u 


r 


pq 


^3 ^1)3 (^23 ^a) • * ♦ (%^3 ^ p ) 

■ • • {hn,fq) 


To prove (IT) we have from 


dU \ a, - 1 


H 


I u 

Pi 


( 1 - 0 ) 
B 


{Qi, 

iKfi) 


(ap. Op) \ - 

(^(!>f<j) I . 


(IT) 


i,hei«totnpVbMed^^^^ ““ K. C. Gupta usiag a dlffetent technique. The result 
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= -Lf 

2'Ji't J 


II I{bj - fjs) _ II r( 1 - 4 'e^ '$) 


;=l 


j=2 


L II r( l-b^-ir f) s) n T[a^ - £j s) 

J=/+l J=U+1 






/ ^a,-l-v \ 


ds 


; - i}^ X 
Similarly 

JH 

dx’‘ 


- n -1 


H 


I u 
pq 


■_£_( (aj- n, Cl) (aa, e^) . ■ . {a^, 

_ a; ^ 


, - 1 


H 


71 ~ 1 


i!L 

dx'' 


f 

= (-!)«*■ 


H 


H 


I u 
pq 
I u 




B 


(fll. Cl) 

[h, ft) 


(<2j5, ep) \ 
«,/</) } 


pq i, x^P 

'“P 


dx'"' 


pq 

- &i-n ^ ^ “ 

pq 
I u , 


Bx-’ 


(PP) 

(^Is Cl) . . . ^P-lo 

(^l>/l) • • ■ (fij>fi/) 

(^l) ^l) • • • (<^pj Cp) \ 

(P/l) . • ■ (P/ff) / 

/l 1 («X «l) • ■ • «p) 


- 


i/ 


P<1 

P<1 




/<7 






(il -f* flyfi), , . . {hqi fq) 

[ajy Cl) . . ({22), ep) \ 

(^ij A) • • • / - 

(^13 ^p) 

(Aj/i) • • • 


(1^2) 


] (.-3) 


( 1 - 4 ) 


In (M) to (1'4) the expressioxts are chot^en keeping in view the symmetry 
in the parameters. The differentiation within the sign of integration CEin be 
easily justified, since the ^-integral on the R. H. S. of (1*0) is absolutely conver- 
gent in at least one of the following cases : 


(i) A > Oj I arg a: | < tt x ; {ii) X > 0, [ arg a; | < | tt X and R{p + I) < 0. 
X = 2 c,-- S ej + S fj- 2 /;) and = J (^ - 5 ) + I {bj} - s aj 

J=1 J = «+l J = 1 j=i+l J = 1 ^ 

Particular cases 

{{} when 71 = 1, a; = 1/j)) in (I'l) we get 

_ j,a A jq r /3p I (^i> ^i>) ■ • • i^d>> ^p) 1 

Ay pd I (P/i) . . . (p/(?) J 
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fr o' 

^ J.n 

pq 


d-K- I) 


Bi I [di - ij ®l)j (<*(8) <?a) • • ■ (®?'> Bf) 
■\ (bufi) {bq>f<j) 

r Q «t {di, «])... {dp, ep) *1 

&? L \ (bi,fi) • • • {bq,A) J 


(m) When n= l,x= Ijy in (1-2) we have 


A Ff r ft 1 ^p) 1 

pqV ' [bvfi) • • • [bfi,fi!) J 

- H ^ ^ \ ^i) • • • (%-i3 %-i)3 ^p)l 

pq (io/x)‘- -(%/;) J 

(m) When = 1, in (1*3) we get 




L I (*i)/i>) • • ■ (^?j/g) J 

= A Ff ^ “ r fii) . . . {dp, Bp) 

~ If Bifi' I ‘ ’ ' 1 

pA '(*1 + 1, /i)(*2,/a)...(iff,/</)J 


(to) When « = 1 in (1 ’4) we get 


^ ^ jjb 4 a/q (%, «i) • ■ • {dp^'ej) 1 

Pql ,(*i,/i) ■..(*<?,/(?) J 

= bq H^“f /?/« I '’i') 

L . I (^ij/i) • . . [bq^fq) 

,+ [ ^g/? I (^3» ■ • • (^1-, Bp) 


(*l>/l) • • ■ (bq-i,fij~i), {bq+^>fq) 


to t, where /is’^a pJiith-i inteve/ then’.fsitin-' ’ “ 1> 2, . . . I are all equal 


positive integer then using 


® ^ j (%, (^2, 0 ■ • • • (dp, 

'i \{bi>t),(b„t)...{bg, t) 


1 ^ I 


Q b u Iji rtjj, 
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We obtain similar relations for the Meijer G-function. Further, if if ~ 1, 
we get from (M ) to ( F4) the relations given by Bhise® equations 2*2, 3*1 , 3*2 
and 3*3 as particular cases. Also if, in (1*5) to (1*8) and/’ j are then 

with the help of (1*9) we get similar relations for the Meijer G-function. Further, 
if ^ = 1, we get Bhise® equations 5*1, 5*2, 5*3, 5*4 as particular cases. Further 
specialization of parameters will yield many known results in MacRobert’s 
E-functions. Some more recurrence relations can be easily obtained from (1*5) 
to (1*8) by elementary addition and subtraction. 
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Some relation between Hankel and Meijer transforms 
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[Received on lat July, 1966) 

Abstract 

A few relations between Hankel and Meijer tranaformj arc established aad some interestinc? 
integrals evaluated by their application, 

1, Introduction 

In this paper four theorems involving Hankel and Mcijcr transforms 
defined as 

m = J” (pl)^ Jvipt)f{i) dt, Rip) :• -0 (, .] ) 

T{^) = V'l /; ( pi)l K,i pi) fit) dt, R( P) ■ .() (, .2) 

are proved and certain integrals relating to f<\, A',, / ,(.v), R">{x\ elc 

evaluated. ' ’ " 

Throughout this note (I -I) and (1-2) will be symhoUc.ally repi-cHoiled ns 
^p) Lfit) and ¥(/;) t.f{t) respectively. 

If we take » =• ± -J, (1-2) reduce to Laplace trnnaforin 

which will be represented as ii(/;)=i/(i)herearu^^^^^ Tunher wherever it occurs 
the following symbol will represent the series 

A(«, n) = ajn, {«+l)jn, (« + 2)/«, . ; . , 

A(.±e. ») - (..+^))/.. (. I 

2. Th™„ml 




r and s being positive integers 


^ ’ Jo 2r,2j \/'/ I 


X^ldt, 
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( 2 - 1 ) 



provided that the Meijer transform of \f{t) | and the Hankel transform of 
I I exist, (2*1) is absolutely convergent and 

R{X±'j^ v-l- I) >0;i^(/,) >0. 

Proof 


Sulistitiite the value of f from (1’2) in 

= f iPx)i Jvilo:) dx, 

J 0 

we get 

^ip) = r (px)* Jyipx) x''ls [* ///^s ti Iiji.(tx’'l»)f{t) dt} dx (A) 

Jo ^ J 0 

Changing the order of integration we obtain 


d>(P) 


7 s 


3r 


*A.+'2;+i „ ■! 


1 0 r /j2 j Ji 


as (3, p. 219) 


02 14 i 
2 0 

^0 2 V T- 


dx 


\ 


2 2 j 


]v{x) = gJ ° (.vV2 I J j) ^'^nd K^{x) -■= 4 G; 2 (.’2/4 t) 

Now integrating the .v-integral with the help of the result given by Saxena^, 
we arrive at the required result after a little simplification on using (3, p. 209) 


m n r 




■{ X 

I 


1 


bs j 




mn 1 
ix 

P<1 L 


<55,,+ (rl 


/;s+c 


!* 


( 2 - 2 ) 


The change of the order of integration above is justified by de la Roussin’s 
theorem as we observe that 

{%) the ^-integral is convergent as/(<f) is positive and tends to zero and 


) > 0, 

3r p>r 

(ii) the Ar-integral is convergent if i2(X+i'+ -gji j- + f ) > 0 as ICn,(x) = 
0 for small and vanishes exponentially for lax'ge x and 

Jy{x) = for small x 

= cos (.r+a)} for large a? 

Corollary. If m ==/(o 

and ^p) 

V 

then = I” + ^ (2-3) 

where R[2m - nA-v) > 0, R{2m - n~ i)*) < 0, R(p) >0. 

This is easily obtained on putting r=2, j= 1, /*= ± I, \=2m - « - in the above 
theorem. 
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Example 

Let/(i) = then siibslituiiiig (.lie value of from (1, p. 144) mul 

<kip) from (2, p. 24) in (2-3) 
we get 

I fix-m-i g-at p ■ v+l • - dl ' '.I 2 

Jo ^ ^ ^ ^ I'm I I-"-'' I r( 24 /t) r( I+W) 




^ v+1 ’ I +3) 


- mj- 2 + 2 +■ » 4 


where jS(/») > 2R{m), R{a) > 0, R{p) > 0. 


3. Theorem 2, 


> 0 . 

j 

^(p) -= A r and .f ])oing positive intogovs 


/ r (2^)* (P . p ^ 2J+r, u I Ip Y'- / I, 

2r (2r/ 0, 2. f 2^1(2^ j ( 2 ^ A(:M:'a‘, .r). 


^2^+r,0 !/pY>'/t 


provided that the Meijer transform of|/(01and the Hanfcel transihrui of 

1 A ^[r'^ls) j exist, (3-1) is absolutely convergent and RiX+^^ -.?/ 4 n . ■ n 

„ - ^ s 2s ^ ^ ^ 


Proof 


Using (1*2) to get the value of ^i(«-’Vs) and then substituting it in 

$(J^) == J” (/«)^ JviP) T(.r"/«) dx, 

we get, on changing the order of integration in the above, 

”7^ Xd ‘‘/(‘)* Xo '‘’‘■■i** IviP*) KiJ^irnt) ds, 

-Ji x: <•/«) x: «‘-S« .74 1 5 , -» all 1 S.- S) .4* 

o'.mT*’”® (■’■n on u.i„g 


a nm l~b. 

(«!■). 


[ 62 J 



The change of the order of integration in (B) is justified as the investigations 
show that 

(^) the jf-integral is convergent as fit) is positive and tends to zero 

andB(|±iiO>0. 

s 

(ii) the ^-integral is convergent if +1) <0 as ~ o 

{a X + b for large a; and vanishes exponentially for small 

X and ]y[x) = ) for small x and 0 (a;”^ cos -v + a) for large x* 

Corollary 

HP) f fit) 


<!>ip) L Y(l/;) 


v'f m - J: tp:, } /(4‘ (3-3) 

where i2(v-(r) > 0, i2(-r±^+l) > 0 and S„(a, b,c,di x^) = a;^ 

X ^ ^ a; 1 6, c, j , w=: 1, 2, 3, 4. 

This is easily obtained on taking ri=^=l and the above theorem. 

Example 

Let f[i) = {a^/'-t ) J.,^{aVT) - (aVT) 2^,j.iaYl)l 

then substituting ^{p) from [2, p. 149) and ^ [p) from (2, p. 48) in (3-3) we have 

J'q i ) j-2/i i^'f t ) (<^v t ) 

O (2/^+3 ~2/*+3 v-cr‘-)-l l-i/-cr pt \ ,, 

X [-J- , , —J- dt 

_ V ^3-<r+r pi, pj 

2 <r+sii~v~i a^v- 2 o- 2 ii+i p(l_j_y) 

® 1 I I + V = fli j (3 4) 

where i2(/j) > 0, a > 0, {fi] > I, R -f > I. 

4. Theorem 3 


where 


HP)-f[t). R{P) > 0 


A/ . 

lip) ^ tt^ i (r’Vs), r and j being positive integers 


then ,,,, " s+2r,0 \ ( p / i 

'‘W“. °0.2.+ 2.' 1 ( 2 ^) (is) 

A /'ll J,.V J_A A /I M .\ \ 


S), 


A(|±f+^, r), s) |/(f) dt, 
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provided that the Hankel transform of 1^(0 1 Mcijcr Irunsiorm of 

I A <|>{r^/s) I exist, (4*1) is absolutely conver^ycut and li{X- 1 - h MjO < 0. 

Proof 

Obtain the value of from (M) and substitute it 

in i^ip) — V2/7r p ^ ^ {px)^ Iip{px) x^ dx^ 


we get i>{p) =J^pj {px)i Ky {px) | j ^ x-‘'l^)f{t) dt | dx (CJ 

,20 I /)* 


1 


Changing the order of integration wc obtain 

*) = (t/ j'," <'/(') -"X 


. Co 2 {' 4 


V 

0 > 


X G, 


0 1 


2 0 1 


1 


/» 


/* 1 

1 I 2 f 


Now integrating the AJ-integral by Saxena’s result wc ariivc at (4" 1). 

The change of the order of integration in (C) in jiislilicd by dc In Valce 
Poussin’s theorem viz. 


[i) i-integralis convergent as/(if) is positive and (cuids to zero and 

T VT 

'*<- 27 - - + ')>»■ 


(ii) jv-integral converges as R{X - §) 

4 S s'"" 


r 


Corollary 

If 

and ^( 1 /i) 

J ^ §o hW'Ui) A'l.lY'Hp, /(i) di, (..(.. 2 ) 

where the Hankel transform of 1/(0 land the Laplace transform al'l ri ^Ad/dl 

exist, (4-2) IS absolutely convergent and >0. 

This is obtained on putting r — s = 1 , v = ± ^ and \ = 

Example 

Take /(I) _ 

putting tte valuea of +„) fr„„ ( 2 , p, 45 , 


I iu the tlicorciu* 




'’■‘/a; 




Ky{'Wap) (4-3) 
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where 0 < ii{^) < lt{p) > 0, 

5. Theorem 4 


If 


^(p)Lf{t), R(p)> 0 

P- 


and 


4=.if^ r and J being, positive integers then 


(2r)'^+^ {2s)i . „ . . , 

provided that the Hankel transform of j f{f) ] and Meijer transform of | 
I exist, (5-1; is absolutely convergent and R{x) < - 1, 


r ^ 2r .j /2r / f ys A(Tr/2 - A/2, r)l 

'"z.zal?/ M Awwa,.) ‘ ’ 




A(ilr/*/25 j) 

I an 
^)>0. 


Proof 

Substitute the value of fi’om (I’l) in 

= /?-. /) (* Rvlpx) 4>(a:’'/«) dx, 

V w J 0 

we get on changing the order of integration in the above 
r<» .1 r“ 


L(< A;r/s) Kv(px).dx 


{D) 


Now integrating the x-integral by Saxena’s result we arrive at (5-1) after a 
little simplification. 

The change of the order of integration is justified as 

/ r , Air , 1 \ 

({) The convergence of A- integral implies that ^ j > 0 and/(A) 

to be positive and tending to zero, 

(r a \ 


Corollary 

If 

and 


J 

m =M 
1* 


’I’ip) 


V 

w 


HVT 


r /xd” v-4" 1 


^ ’ Ap\ 


(5*2) 


then 

r(i±ii2^£f^ „ r .fJ 

' h “I 

where R{p) > 0, /^(H+ 1) < - 2R(r') < i and (5-2) is absolutely convergent. 

This is readily obtained on taking r = dr la A = = f j ** = '> •t = 2 in the 

above theorem. 


C 65 ] 



j^xampie 

Let fit) = 2 2 1^.^ 5^2/2 

then substituting the values of $(/») from (2, p. 83) and ^(yj) from (1, p, 144) wc 
obtain 

J-- ,V» I+,.;lV2) d, 

- {r (/*+.i)}^ r(H^) 

r(^ + ^)r|(i+M+v)(2y»+i)fc+’'/a , (^’3) 

where iJ(M+l) > 0, R{p) > 0, i2(A+|+^) > 0. 
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Some Integral Equations and Integrals 

By 

K. G. RUSIA • 

Department of Applied Mathematics^ Government Engineering College^ Jabalpur 

[Received on 2nd July, 1956] 

Abstract 

Lapla?e'Tramform?‘^''‘**'°“' intajtrals'.aVe evaluated by the application of 

Introduction 

1. Widderi obtained the solution of an integral equation involving Laguerre 

polynomial by the application of Laplace transform. Using the same method 
Bharatiya® and Khandekar* have obtained the solutions of the integral equations 
involving Bessel function, generalized Bateman function and generalized Laguerre 
polynomial respectively. ° 

In the present paper we obtain the solutions of the integral equations 
involving Bessel functions, Theta functions and Bateman function respectivelv 
We also evaluate certain integrals. The method adopted is the same as that of 
Widder^. 

2. Results required in the proof : 

(2’1) We shall represent Laplace transform 

/ iP) = f f{t) ^yfiP) = L {f[t) }. 

We have from [5, p. 129, p. 131, p. 185, p. 197, p. I 95 p. 257 n 214 
p. 162, p. 171, p. 144]. ^ > P- j 

(2-2) If/(0) ==/' (0) - . . . . =f”-^'i0) = 0, then L {/« (<) ) / 

(2-3) L A («) /a {t - u) = A {p) A {p) 


(2-4) 


t‘^Jn{2al ti ) I 


ip-n.. 


a 

n > ~ 1 


f 1 ~ - 

L I ^ ^ [2a^ t^) f ^ > - 1 

L { («^)} r(/z+|) a’^ (p^-a^y^^A Re n> Rep> \Re a 

E { {0/irr t) } ^ p^\ tanh [p^) ^ 

L {Q^ {Oji TT ctnh (p^) 
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(2-10) L{ =p-! sech (pi) 

(2'‘» 

(2-12) L { h (OA' c sch (pi) 

(2-13) L { ^2a+2 (i) } — p'jn+i^ > " ' 

(2-14) L { sinh (a t) } = , Re p > \ Re a \ 

,..3, M (->.-) > = = 

(2-16) i {{■„+, (cosh 1) ) • 

Rep > 2n + .1 


(2-17) L { , Re n>0, Rep: 

3. Theorem 1 

The integral equation 

(3-1) J* (t - 4 [2a* (i - «)*] s? («) =f[t) 

has the solution 


Re 


■ 2n 


(3-2) g (t) = or^l^ J* Jo I2ai (t - «)*3/«+a (a) du 

provided that / (t) e c”+2, 0 < t < o= and / (0) = /' (0) = . , . . = /«■ M (0) =0. 

Proof 

Applying (2'3) to (3-1), using (2*5) and rearranging the terms we get 

(3*3) i ip) = a-nl^ {p-^ «-“/?>] [r+*/(A)]* 

Applying (2*4), (2*2) and (2*3) to (3*3) we get (3*2). 

Theorem II 

The integral equation 

(3*4) P [t - «)” J„ [a (t- a)] g (a) du —f(t) has the solution 

^ = f(fiii^T) J! ~ 

provided that / (i) e c ®"+*5 0 < ca and/ (0) =/' (0) = . . . . =/«n+x (Q) cs 0. 

Proof 

Applying (2*3) to (3*4) using (2*6) and rearranging the terms we j^ct 

I “ 1 



( 3 - 6 ) (p) = ~ ^ 

Applying (2*6)5 (2*2) and (2*3) to (S'G), we get (3*5). 

4. Theorem HI 

The integral equation 

( ^t 

6^ {Oji {t- u)) g {u) du = /(O bas the solution 
- 0 

(4-2) g [t) = C ds (0/? ^ it-u))f^ (u) du 

J 0 

provided that f {t) e t < co and/ (0) =: 0. 

Proof 

Applying (2*3) to (4*1), using (2*7) and rearranging the terms we get 
(4-3) i (^) = ctnh (jdi) ] [j!)/«(^)]. 

Applying (2‘8)j (2'2) and (2‘3) to (4'3), we get (4'2). 

Theorem IV 

The integral equation 

(4*4) I (^"“ w) g (w) ‘•=' / (.0 the solution 

(4-5) ^ (0 = g [/iyi / [_{D + 1)«+V(«)] du : , _ 

provided that/(^) e ^^^+2^ 0 j? < co and/(0) =/^ (0) = , . . , = /^*^^ (0) = 

Proof 

Applying (2*3) to (4*4), using (2*13) and rearranging the terms we get 

( 4 - 6 ) [(#+!)«/(#)] 

Applying (2*17), (2*2) and (2*3) to (4*6) we get (4*5). 

It should be noted that the above theorem can not be derived from the 
theorems of®. 

5. In this section we evaluate some integrals. 

(5*1) P [cosh m) ] P^n-vi (cosh u) du 
0 

=/ ^^211+1 [cosh (i - ti) ] Pa„ (cosh u) du = — 2 ^”// ' ' 

[ 69 :i 



(5-2) 


(5'3) 


This is proved by using (2‘3), (2'14), (2'15) and (2'16). 

p (i- «)»/2 {2ai {t-u)i ). (2ni «») du 

J 0 

= £ (i- (2«i (2nJ «4) = (t !J”t) ! 

This is proved by using (2’3), (2*4), (2’5) and (2*17). 

r* 612 (0// V (i - «) ) -A e.i (z>/2/i! IT 1 du 

*^® L 3» Jb=o 


■ J* e, {O/i TU)I^- 1- 0, (r;/2A- ^ - «) ) ^ 


du 


= 82 (iA ’T i)‘ 

This is proved by using (2-3}, (2-7), (2-1] ) and (2-10). 
(5'4) J 05 (0/i TT (f - «) ) 1 0^ (a/2/j TT h) j 


du 

du 


= ^3 (OA »• h) 1^ - 01 {vj2/i TT (/ - „)) j ^ 

= ^4 (0/z ir /). 

This is proved by using (2-3), (2-8), (2'9) and-(2'12). 

fnr. “fidusion I wish to express my grateful thanks to Professor B, R. Blions 
0 ms valuable guidance in the preparation of the paper. 

I am also very much thankful to the referee for valuable suggestions, 

References 

I. Widder, D. V. The inversion of a convolution transform whose kernel is a Lagucrj 
polynomial. Jnur. Math. Month. 70 (3) ; 291-293, (1963). 

s* ^1° “ convolution transform whose kernel is a Bessi 

function. ^mrr.il/flrt.Afefl/A.72(4) ; (1965). is a Ucssi 

3. Bharatiya. P. L. The inversion of a convolution transform whose kernel is a generalise 
ateman s function. J. Udiah Math. Soa., New SerUi, 28 (3 and 4) : (1964). 

t«n.form involving generalised Laguerre poh 

( 1965 ). * ^ ^matiques, Pures Et Appliqum^ 44 ; 195 - 19 ; 

delyi, A. Tables of integral transforms. McGraw Hill, New Tork, Vol, I , (I954). 

t 70 3 



integration ot Some E-functions with reSpeCt 
to their Parameters 
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Abstract 

In this paper wc have evaluated some integrals of E-functions with respect to their para- 
meters, and employed them to sum certain scries of products of two E-functions. 

1. Introduction 

Mac-Robert[5] and Ragab[6, 7, 8] have obtained a number of integrals of 
-mnctions with resjiect to their parameters. The object of this paper is to 
establish some further generalized integrals of this type, and employ theto to 
sum certain series of products of two E-functions. In what follows mis a positive 
integer and A {^3 represents the set of parameters 

^ ^ ^ g + m- 1 

m ^ m ^ ‘ ^ 

The following formulae are required in the proofs. 

1£ Re y > Re IS > 0, 

(M) p (1 - X) y-P-^ \ 

0 \Pi,...,Pq / 

^ r(y - 13) mP-y £■ / “i’ • • • ’ P^:^ \ 

\ Pi) • • • 5 P(/) A(m, y)‘ T 
which follows from [3, p. 414, (2)]. 

I£Re 13 > 0, ' 

(1-2) J" xP< e-' e{ “i’ • • • ’ 

0 \ * 0 - 9 I 

= (27r)M»» mP-i £ / ‘ > “A) A {m, (3) : \ : 

I Pi) • • . ) Pr/ / ’ 

which follows from [3, p. 415, (5)]. 

2. (i) The first integral. Ifp > q, | amp. z l< i (p - g) r, Re {a^ - p,,) > o, 

’ ?)) i°‘r) > 0, (r- = 1, 2, . . . . , p), m is a positive integer, a is 

such that E-functions exist, 


(2-1) 


_i_ r r(^) p( A(»i, a-i-ml ), . . 

2rri J r(a - C) \ a, A (?«) )> 


A {m, ) 

. , A (m, Pq-m^ 


-Z 


) 


X {.?: dC 
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X - 2 /’r - i (jf* - !? “ 1) - “ . i J ^ 0 - (?) 

= ^r=l '• = 1 (2 7r) 

/ A {2m, aj, . . . , A (27?2, _ _4^* \ 

^ ^ ( a, a/2, A (2m, p,), . • . , A (2m, />,) ' (2«)««(M) ' ' j ‘ 

the path of integration being as in [4, p. 374, (36)]. 

Proof 

On the left hand side of (2’ 1 ), reducing the parameters of the E«fimction 

with the help of (1*1 ) and (1*2), the integral can be put in the form 


IS Jr^) ^ [.2 J'‘ 

x n (■' A,. 

r=i Jq 

xl II (2^)^-i'"OT“r-»»4'4 ) ' II j’" </x,. 

L r=j + l J r=„+iJo 


X “a'-'V. 


\a' (Ai. . . a^a)"‘ ; 

Here changing the order of integrations, which is justified due to the 
absolute convergence of the integrals involved in the process, wc have 


[/l r(P,,-a,) AA’^(h 

. xf n ( 27 r) H« n C" 

L '■=?+! J r=s + lJo 


l(l-V)^-«r-l dx. 




Substituting from [4, p. 374, (36)], for the last line, the expression becomes, 

[ FK-.,)]" A /■ iA-'d-,,) "’•■“'-bA, 


X H (2ir) m " II f 

r=?+lJ„ 


"A,. 1 j_ 


■ (A, . .f'A^d'” ) 


X^f";- l_,]dX 

\ “ (Xl . . . Xp)® / 

Now repkemg the produet of E-fuuotione with the help of the result 

") -") =2<-“ (2-l*£ (- 5^ :4e*] , 

whieh is dedueed by applying [3. p. 433 , (j,] , 35 ^ 

Then on applying ( M, and ( Id), dte right hand side of (2-1) is obtained. 
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I 

I 



(u) The second integral. If p'^ q,\ amp ^ | _< I {mp-mq-\)v, ke (p,.-ff^)>5, 
{r=\, 2, . . . , q). Re (a',,)>0, 2, . . . , p), m is a positive integer, a and B 

are such that E-functions exist. 


(2-2) r r(0 r(«-C) ^ / «, A(m, o-i-otC), 
2wi J 1{B~1) y A(»2, 


A {m, a,p-m^) _ 
A(m, 


X OT-«(P-e)}C dc 


. r(a) 
1(0-0.) 



O,,- S Pr-i 

r=l (2ir) 


OT (/!-?) 


X £ 


0 - 0 , A( 2 »z, Oi), • • • , A (2m, ap) :— 

(0, Bl^, A(2m, Pj, . . . , A(2m, P^) ' (2m)»’"»-w' 


J 


the path of integration being as in [4, p. 374, (36)] with loop if necessary, to 
ensure that a is to the right of the contour. 

The integral can be established by applying the same procedure as in (2*1), 
and using the result, which is deduced by applying [3, p. 433, (2)] to 
(2, p. 186, (5)]. . • ^ ^ ■ 

(m) The third integraL If | amp ^ | < J (7np-mq-\-\)TT ^ 

(r= 1, 2, . . . . , i?5(a',,)>0, (r=l, 2, . . . . , m is a positive integer, a and ^ 

are such that E-functions exists, 


( 2 - 3 ) -i- cTm.L--^E 

2 iri J I( 2 a -0 ^ 


0, A(m, Oi-mO, • • • , A(m, o-p-m^) 
20, A(«, • • • , A[ni,pq-mt) 




P s 

2 a^- S P^-l (>-?-! )-o-0 l~y>i{p-q) 

2»-=l r=l (2^) 


X E 


, d:|±i , A(2m, Ox), ■ • • , A(2m, a^) 
“+i, 0+1, 0+0, A(2m, Pi), . . . , A(2m, Pj) 


(2m) 


4^2 \ 


the path of integration being as in [4, p. 374, (36)] with loop if necessary to 
ensure that a is to the right of the contour. 


The integral can be established by applying the same procedure as in (2T), 
and using the result, which is deduced by applying [2, p. 433, (2)] to [2, p. 186,(6)], 

{iv) The fourth integraL If p'^ q^ 1 amp 1 < J {mp-mq-\)'7^ ^ i?^(P^^a,^)>0, 
(r= 1, 2, . . . , ^), i?^(a,^.)>0, (f=l, 2, . . . , p), m is a positive integer, a and /3 arq 
such that E-functions exists, 

/o. 4 .\ _L r £( 1 .) V i • • • » \ 

^ '' 2 « J_r(«-C) r( 0 -O^ \ a, 0 , A(m, Pi-mC), . . . , (m, pfj-mO / 
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S «r- S Pr-i 

r=l > = 1 {2'ff)^-mP-l|^ 


r(^) r(:tf±^) 

|.+|^ , ^ , it|±-' , A(2„, .,), . . . , a(2,», .,,) ; (4/3)> 

., ft -ft A(2». P.), .... ^p„.. p„) 


<v 

(2???')awKM) ’ 


xE 

1 _ n /o oio C-u: I 

2 ^ 2 

the path of integration being as in [4, p. 374, (36)]. 

The integral can be established by applying the same procedure as in (2*1), 
and using the result, which is deduced by applying [3, p. 433, (2)] to [2, p. 186,(7)]. 

J\foie : In the above integrals, the restriction on can he omitted, as 
the path of integration from 0 to 1 can be replaced by contours starting from 0 
passing round 1, and returning to 0. 

3. Summation of Series 

(i) The first series. If | amp z | < ^r/2, /f^(r)>0, 

(3-1) £ - 

f=l (^)r ^ ' \ (x^r j \ a-|-r 

=r(y)2^-“ eI - A 

\a,al2,^V^) 

O ' f 


(«) The second series. If |'amp z\<rr, Re(y)>0, Re{a)>0, 


(3-2) 




E 


I a-^r,y + r :z\ „/ 
I P+r l^[ 


{y)rT\ 

= r(y) ny.g ri / S 'V/S, ‘ 

r(/3-a) ^ g,gj2, £±j = 


E 

v+i 


^+r 


(Hi) The third series. If | amp z \ < v, Re {y)>0. Re {a)>0, Re 


(3-3) 


(-ir 

,to {y)rr\ 

a-fjS + l 


2y-a-g ^ 


( 


) 


r+l 




(3-4) 


2 ’ 2 ’ 2 ’ 2 
^+^5 “+/0 

(jp) Th£ fourth series. If | amp ^ [ < 0, i?« ('y)>0, 

f =0 \o4r, /?H-r j \ nf r, ^-^r / 

■ r( I p| \ • 
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3 ^ 3 

13, «/2, /3/2, 


a+iS-l 7 

’ "~3 ’ 2 ’ 

/3+1 

’ T"’ 2 ’ 


7 + 1 
2 

Ct +■ 

'“2 


: 16/27 ^2 \ 

i 

i 


Proof 

To proof (3’1), substituting on the left from [4, p. 374, (36)], we get 


V X 


_L f r (C)r(7+r-c) 
2+ J r(<x+r-C) 





r(^) r(7+r-^?) 

r(a 


{-zfdn 


Here replacing C and v by ^+r and v-\-r respectively, and changing the 
order of integration and sunaation, which is justified by the methods given in 
[ij p. 500], then the expression becomes 


J_ r nnnr-o 

2-!Ti J r(«-0 


d’i X 


1 r r(ii) r(7-’>?) 

2^J T{a~v) 



) 


dv 


Now applying Gauss’s theorem, we have 



/ E ( 





Us ng (2*1), with m = j6 = l, q=0, the result (3*1) follows. 

The series (3*2), (3*3) and (3*4) can be established by applying the same 
procedure as above and using (2*2), (2*3) and (2*4) respectively. 

The validity of the expansions (3*1), (3*2), (3 3”) and (3*4) is justified under 
the stated conditions by the procedure followed to establish them. 
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Abstract 

Recently! it has been fhwon that the zeros of the transcendental function G{x) S + 

f(x)Jy (*) associated with the circular functions ^ cos x, sin a: are red. as a direct conse- 
quence of the Lommers integral result which has been applied previously by Watson^ in testi- 
fying the existence of real zeros of the Bessel function Ji/(a;), the transcendental function 
^]v' M + ^ Jv W 5 a constant) and the Bessel function of the second kind Tq(x), 

The object of the present work is to examine the existence of repeated and imaginary zeros 
of the function associated with the circular functions sin a, cos x, the Struve functions 

xP' Hii (x), x'P E^(x) and the expression + B) by the aid of Lommers integral result* 

1. Existence of repeated and non -repeated roots of the equation G(x) » 0 
By virtue of tlie result 

^ _ (M) 

■given by Watson®, we find that 

subject to the assumption that G(x) = G'(x) = 0. 

On the other hand if G{x) ^ G'(x) and G{x) = 0, thou (M) assumes the 

form 

SI « dt = 1 [ (*s - v^) //(^) + J 


(«)/'(^‘) . 1 - 2 ) 


~ ~ ( 1 - 3 ) 

Again, on putting x = i n, ( 1 - 2 ) and ( 1 - 3 ) may be expressed in the forms 

f tjAmdt=^ r 1 1 

Jo Jo m=0 [ M2*' + m -f 1 ) {r( r + m -f 1 ) }® | ^ 

m =0 l^r( 2 v' +m+ 1 ) {r(v ^ m 
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( 1 - 4 ) 



pi ^ f (;Sf/2)a«'+2«»r(2.' + 2m + l) 1 
J 0 ^ m=0 LKr(2v -j- m + 1 ) {r(v + „! + 1 )}a l/i 

iPiifi) - j8s- v2] ^ (^/2)2''+2™ r(2v + 2m+l) 

2j82 \^T{2v f 7K+ 1) {r(v + «+ 1)}2 

respectively by virtue of the result 


T Vx) = f (-)” {xl2?''+^^-T{2v + 2mi-l ) 

'' m=0 !^r(2v +m + 1) {r(v + »2 + 1)}2 

given by Watson^. 

Obviously for the consistency of the relations, the right hand sides (1*2), 
(1*3), (1*4) and (1*5) should alwavs be positive, and hence it may be concluded 
that 


(l-< 2 ) The real and imaginary roots of the equation G{x) = 0 are repeated or 
non-repeated according as ^/'(a?) ^ 0; with the addition that f^{x) = 0 for 
the existence of non-repeated roots only. 

(1-i) The real and imaginary roots of G(x) = 0 are repeated or non-repeat- 
ed according as {l/x^) [/^(a:) - x^ - ^ 0, with the addition that/2(A;) = 

for the existence of repeated roots only. 

(l-e;) It is worth mentioning that the roots of the equation G{x) = 0, asso- 
ciated with a constant /( at) ^ h are non-repeated, as observed by Watson®, forms 
a special case of (1-a). 

We shall now investigate the existence of repeated and non-repeated roots of 
G{x) = 0, associated with certain special functions, in the light of above observ- 
ations. 


( 1 -d) Application s. 


Example 1 

Positive roots of the equation G {x) — 0, associated with odd function 
f{x) = sin jv, are repeated or non-repeated according as 

Stt 


0 < a; < 


or y < ^ < 2 


whereas negative roots behave in the opposite manner. 
For, 

rcxfi A-* 

0 


/'(«) _ cos X 

X X 

* 

X ~ X 


0 


\ 

/ 


0 < * < 


TT 

2" 


Example 2 


TT 

T 

S'TT 

"2 


Positive and negative roots of G(aj) = 0 associated with the even function 
f{x) = cos X remain non-repeated for all satisfying 0 < x < tt. 

The result is obviotisly true by virtue of (1-a). 
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Example 3 

(i) Positive roots of ^(k) = 0 associated with 
order n are repeated or non-repeated according as ii 


Struve 


function xl'' o( 


For 

^ [juM HyXx) ] = x'^ H/i-iix) ^ 0 according as /r ^ ^ as given 

dX 


by Watson®. 

Positive roots of = 0, associated with the Struve function /(a?) == 
H/jiix), are repeated when /i < - | and the larger roots remain non-repeated for 
y > - i 

Obviously, when x is not large, 

/■„) . i *(>)) - H„ , (.) ]"’ : ■ <>, 

provided that fi < - li which establishes the existence of rep(^atcd roots of 
G{x) = 0. 

On the other hand, when x is large, wc find 

fix) = ~ [x-<‘ H,Jx)2 - 0 , 

by virtue of the result ^ {xl2y^/y^ 7rT(/i+f) (or largn^ values of.v and 

which proves the existence of non-repeated roots of (^{x) 0. 

Example 4 

Roots of G{x) = 0, associated with the fLinclimi/(^c) y’ arc^ repeated. 
For, by virtue of (1*3) and (1*5), we find that 

J ^ Jv^ 

for real or imaginary values of a?; which leads to a contradiction. 

Example 5 

Roots of the equation G{x) =0, associated with the even fiinctioar/(A:) «= 
Ax'^ + B are repeated or non-repeated according as A r> 0 or yl 0, 

The result is obviously true by virtue of (T2). 
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Abstract 

In this paper, using a generalised hypergcometric polynonaial deBned by 


Fn{x) = rA(S,-K), a„ a^, 

L K h> 

wheic A (S» “ w) represents a set of parameters ; 


- w — n + I 

T’ s 


5 



w + 6 - 1 


iixt^ 


and S, n are positive integers, we have derived two integrals involving the product of two hyper- 
geometric polynomials. A number of known and unknown cases of the integrals have been 
obtained. 

1. Introduction 


The object of this paper is to evaluate the product of two generalised hyper- 
geometric polynomials in series and evaluate two integrals involving the produci 
of hypergeometric polynomials. A finite integral is given in section 3 and the 
infinite integral in section 4. The integrals are in a generalised form and on 
specialising the parameters yield many known as well as unknown results. 

For ease in writing, we employ the contracted notation. 






Up 

\ CO 

(ap)i. 

\ b,j 

/ ^ = 0 

{bq)l- 


Thus to be interpreted as ll and similarly 

/=! 

2. We define the generalised hypergeometric polynomial in the form 


( 2 - 1 ) 


F„{x) = 


'A(Sj - n), Up-, 


ba 




q ? 


where A (8, - n) represents a set of S parameters, 

Zf ~ L. - + S ~ 1 

“ a " ^ ’ ^ 'Tr—" 

and 8, n are positive integers. 


riic polynomial is in a generalised iorni and yields many known polynomials 
by particular choice of parameters. 
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Particular cases of the generalised liypergeometric polynomial 
{a) Consider the polynomial with § /^ = A = 1 

(?) Setting d" a -f /S + 1^ = 1 + obtain 

(2-2) = + J 

L 1 + a, ia, ..., bn ; I 


I + I, a^, . - ap; 

®j I'j ^3s • • • 3 j J 


_ [_£ (“3iS) /a^, . ■ . , api \ 

(1 + “)»i « '^9, . . . , 5 q.; ^ / 

a generalised Sister Celine’s polynomial which reduces to a Sister Celine’s poly- 
nomial [1, p. 806] when a = j3 =0. 


(n) With p = q z=: 2i ^ == Pa ^ 


= 1 + a, 


bi = cr, 


we get 


(2-3) i^«w= si's J 

L 1-fa, u; J 

= TT-^^T- "■» •^) 

a generalised Rice’s polynomial ( [2J, p. 158, ccj[uation (2'3) ). It reduces to a 
Rice’s polynomial when a = jS = 0. 


(in) Substituting jf) = ? = 1, aii = ?2 -f a -f /j f. 1, ^ 


=. ai'i + /3 + 1 


we have 


(1 +«)„ n 

a Jacobi polynomial which can be reduced to either Gegenbauer, Legendre or 
TchebichefF polynomials by specialising the parameters. 

(iv) With ^ = 0, j" = 1, = 1 J- a, we obtain 


i'«(^) “■ li'l 




“Li+.rj 

a generalised Laguerre polynomial. 

(») Taking p = 1, ? = 2, aj = 27 f a, = 7 -f |, Aj =-- 1 + A, we get 


i'«(*) — si's 


- n, 27 -f n ; ‘ 

.v + i, 1 + i; * 


one of the generalizations [3] of the Bessel polynomials which with 7 = 
A = 0, reduces to a Bateman’s polynomial ZiM- 

(A) Consider the polynomial with S = 2, A = -2. 
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{i) Setting p z=: q - l^we obtain 

ft -- ti -j- 1 


Ph{x) 


-.F, 1^ T-’ “T~ ’-^-^1=2^ 


(x) 


a Hermite polynomial. 

(n) Substituting /> = 1 , ^ - 2, = 7 - jS, = 7, ^2 = 1 ~ jS - /z, M = Ij 


we get 


r-”-^+ly_/3. *1= l"_ iJ (fl y. 

L 1 J 


a:) 


a Bedient’s polynomial: ([4]). . 

3. Let us consider the product of two generalised hyper geometric poly- 
nomials (2*1 ). 




bq ; 


r=0 1=0 


lix^ 


- n + i 

■) (ajp),. M*' 

/ r 

8 

lA 

. {bq)r 


•Aiy, -m), Pi ; 

“■/A 


Xxi* 


y-l /~m + A 


(p/)s A.^ a:^^' 


= ;v(8-3)n+(7-i)^ii V V 


Now using the formula 


-L. {n)s 

0-1 [ ti -{• i\ y -1 / “I- i ' , . , 

t=0 \ S /y.s ,=o \ J /s 


IjL (nOs 


(")»-* - (i_i_i))j ; 0 < A < n, 


we obtain 


(3-1) i?’„(x)^;,,W Z S 


sm " (=^), 


f=0 j=0 i 


X 


S~1 / 1 . n-i \ 

(1 ~ bq~r)s {pl)s (~>')s /AV i-r I _ 1 ’l(2H-'/ + S+l)S x®0’’ 


s 

•S)+(^S 
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(3-2) = X 

r=:0 


8-i / 

S /Jol 


i-i l-n-\-t 


{ap)r /*»■ a:**''' 


\"''lh)r 


■m+y-1 


X 7+?+9'+l^i>+J+8 



P;, l-bti-r, ~r 


, , k-8+1 1 

1 + — 7 'r/', l-a2)-r 


(-IjP+y-i-S-M x<i-o 


with the help of (S'l), we have an integral involving the product of two gene- 
ralised hypergeometric polynomials in series. 

A (8, - «), flp ; 


(3-3) 


I, 


^£+(8-P»+(r-i))w-i 


h ; 




X 


L n; J 


dx 


S-l /-n+i\ 

:T(M) X t ( " ^ /r ^ /» (-r)s 

r=0 


CO 




y (~V ( - I { (5 1)?^ 4“ (y 4“ (</ •*" c)s H" )" 

\ ^ ” r{ ( 8 -1 + (r l)m + (d -^ c)s'+c7 4* r +li? } 

Re{L) > (I - 8)w + (1 - 7);?2, A(ikf) > 0. 

3*1. Particular cases : 

Substituting in (3*3), p^q= l,S :=:7 = l,rf=n (? =: 1, = n + a + )0 +1, 

z= 1 -[- a, /z == Ij X == - 0 * 3 ^ = -m, Z ^ (r 4 - 1 j M c=r /3 4- 1, and multiplying 

both sides by 


(1 + ^)n 


dx 


\ we obtain 

I n 

(3-4) f‘ *“■ ( 1 - (1-2^) iF^.^ [ Ji’ > 1 

' « " L'^aj j °'/fi j J 

^ (l+g)„r(l+ff) g ^ ( - k),. (n 4- a + -f 1 fp^)s ( - a , r)^ ( _ (-^)8 

r=0 1=0 I fl. Il (1 +«)r (l+P-r)® (-«-«-^-r)(, n hrs)a 

d«2 

r{ {m-\ — l)f-hf-f-o'-|- 1} 

r{ (OTi— 1 ) 

iie(tr). > - 1, iJ8(|3) >. - 1. 

Replacing r by r + r, and with the help of the relations (a)„+j|, = («)^, (a+A),, 

hand side of (3-4) reduces to 
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/o.c^ M M {-n)r (w+g+/3+l)^ (p; )s (-4: )s r{OTi j 4-?'+o'4-1} 

|« ^ k 

r = 0 j=0 I (1-f-a),, n •^+^+<^+/3+2} 

y ss 2 

Using multiplication formula for Gamma function in ( 3 * 5)3 we obtain 

(3*6) (1 -{■ <^)n r (^ +i^) V i_ 

r=0 |, y(^_+ l + r+l+i \ 

H } 

r-f r+1) ; 

A(»^15 o*+r+i0-)-2) , 

Expressing the hypergeometric function into contour integral of Barnes’ 
type, interchanging the order of summation and integration, and using multipli- 
cation formula, (3*6) reduces to 

k {z)^Ti-s) T{f>f,+s)Tim,s + cT+l) 




it f 

I Pu A(mi, 0-- 

\ 0'2i . . • 3 cr^3 


if') 


ll+“)n r{l +/^) if* 

2il ■' S-L'j rK<+-+^+2) 

j ds. 




l-n, n+a+/3’-f 1, ; j 

+0', %f-|-(r+,Q + 2 ; 

With the help of Saalschuts^’s theorem [5, p. 188] and multiplication 
formula, we obtain 

■ L\ +l3+«) 

rO'(Pz) 

”'1 „/o'+i , \ '”1 T-/'r-«+i , \ 

I{-s)T{Pi+s' r(— +j]n^ r(— + 


X 


2Tri 


L k , 

II r(o-^+i) II Tj 
.)=2 1=1 ' 


'cr n-OL~\-i , 

~ + •y 


m-i 


) .n + ^ j 


ds 


II r(o*i)r(i+/3+«) 

;=:9 


X o , 
27ri 


rj 


V[Pl) l-A 

W*'! + Z \W1-I ^ /■ 

r(-^) r(p/+^) /jj j ,4^0 ( 


'-cr+;z4-a + i 




-) 




A: mi „/(r 

' II r(a-j+^) li r - 
J=2 i=l V 








+ s 


'”1-1 Tn/-o‘ + a + 2 


)K 


m-i 


4“ s 


^ ds 


r(p/) 1,1 »hi3 


+1 


X 


l+?ni, H»*i / ^ / 1 Pi. • • • = 1-P/. AK,-<r) ; AK,a-(r) \ 

C 83 ] 



on using r(^) r(I-^) = and the definition of G-fimclion. [5, p, 200, 5’3], 

This is a known result ([6], p. 200, equation (5-2j). 

3.2. In (3-3), substituting 8 = r = l, c = d = \, replacing r by r + j, and 
using the relations («)„+* = {a + 


{A -{- r)s 
(1 -A-r-s)s 


1)®, we have 


(3-7) 


/I Niw-i 1 

J. ' ,r,;“ 

_ Tj Af) {ap)r {L)rJ''' 

- i[L + M) I r_ (6,/); (/: 

- m, pf, /. + r ; 


dx 


X L-\-M + r 




Re(L) > 0, Re{M] > 0. 

X 


Putting X 


, we obtain 


(3'8) 


1 -f X 

x-^"^ (l+x)"(^+^) p+iFj 


r - n, ap I gx 

L j 1 +x_ 




-m, Pi, ; __Ax 

0-^.5 i+x 




r(X) IfMj ^ {ap\ {Df /- ^/3 Z"' + ; \ 

= r(L + M) I JL [b,), (LTM), ^ . A j 

Setting p = q = \, a, = n a + 13 + I , = 1 + “, = I, M p - ^ and 

OT = 0 in {3-8) and multiplying both sides by we get a known result ( [2], 

p. 158, equation (3*1)), 

Particular cases : 

In (3-7), with = n + a + ^ + 1, = 1 .p a, = |, 

Pi = TO + 7 + s + 1, Vi = 1 -f 7, (Tjj = I, 

and multiplying both sides by ^ lye obtain an integral involving . 
the product of two generalised Sister Celine’s polynomials (2-2), 


(3-9) 





} Up y 
3 > 


px 




• 3 «•/; ; 



dx 
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= r(£)rw (i+<(i+7k 
r(i+Af) liL I n 


Z 

r = 0 


(. 4 ^, {n+a + l3+n,n (ajl (L), 



I JL (!+«),. (1). rr {bf),{L^M), 

J = s 


Re[L) > 0, Re{M) > 0. 


y+S+l, ^25 
^33 


. , Pi, L+r ; 

. , iTj,^ Z+M+r ; 


(a:) When m = 0, we have an integral involving a generalised Sister Oeline’s 
polynomial. 


(3..0, a-.,"-' ™) 


dx 


(1 +«)„ TiD T{M) 


oFa 


-n, n+a-f^ "f 1, ^25 . . . 5 L ; 

^3, . . . , Z»(25 L+M ; 


= IjL r(Z+M) ^-^+1 \l+a, 4, Z;33 

i?^(Z) > 0, Re{M) > 0. 

(z) with a=/3= 0, Z-fli and 71^=="^ - in (3‘10), we have a known result 
( [1], p. 810, equation (18) ). 

(n) Substituting/; ^ q ~ 3, = />, — <r in (3*10), we obtain an 

integral involving a generalised Rice’s polynomial (2’3), 

( 3 - 11 ) ^ ( 1 - a :) <r, IJ^x) dx 


(1 + » )„, r(£) TiM) (-n,n+a+^+\, p,L; \ 

~ I r(I, + M) \l (r, L + M; '' J 

Re(L) > 0, Re{M) > 0. 

Further setting L == (r, and M = p - cr in (3*1 1), we get a known result 
( L2], p. 158). 

Replacing a, (3 by and L — + 1, M = ^^3 /z = | in (3*11), 

we obtain a known result ([7], p. 116, equation 7*4*7). 

(Hi) In (3*10), setting /; = ^=2, l,L = cr 4 -l 3 -^=^+lj and 

with the help of Saalschutz’s theorem, we have a known result ([8], p. 284). 

{iv) Substituting /> = ^ = 2, ^2 = Z = |, M = Z - f, in (3*10), we obtain 
a known result ([2], p. 157, equation (2*f)). 

(p) In (3*10), with/; = 2, <7 = 3, = -J, = 1 and a = /5 = 0, we get an 

integral involving a Bateman’s polynomial, 




Re{L) > 0, Re{M) > 0 


r f-L) r( M) „ f-n,n + },L; \ 

"f(Z + M)' ^ (l, \,L+M; ' ) 
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fi) Setting Z = ^' = 3, /’2 = Pa = p= <'•3 = in (3'9), wc have an inLcgral 
involving a product of generalised Sister Celine and generalised Rice s 
polynomials, 

, (IX j n {P^ Xx) ax 

) 0(j I / PI 


f: 


0 ” 


Us 


as 


^ r(i)rfM) (1+4, (i+Y),^ V 

T(L+M) l± f=0 


b 

(-k)j. (n+« + ^+l)r (■^)r 

|jL ( i + ")r (^)»' (h'lr (-^+ ^)r 
;=:3 


/- ?/2, + 7 + s 4* 1 3 P5 ^ ; 

X 71/ .p 

7?«(Z;] > 0, Re{M] > 0. 

Substituting /i =■ ? - 3, i «3 = ^ < = P> wc olitain im integral involving 

a product of two generalised Rice’s polynomials, 


I: 


{i,p, /w) (p> <r> Xa-' <ix 


— r(M) (i+a))t (i+ ylw 

“ !(/-.+ M) f£ 15- ' = 0 


«)y (?i + a H-j8 Hr l)i' (|)j. (OvJ''’ 

(1 V»)r (7dr (^'T^)r 




- m, m + 7 + S + 1, P> Zi + r ; \ 

l+y,cr,L-l-M-{-r; ^ / 


Re{L) > 0, ReiM) > 0. 

(c) When Z = 2, A = 3, = 4, <1-3 = 1, 7 = 8 = 0 in (3-9)j we have an integral 

involving a product of generalised Sister Celine and Bateman’s poly- 
nomials, 


j; 4“’^^ ( z ’■ ■. : hi 

r(^) r(Af) ( 1 + hn £ ^ ,42 '*4. 

r(I,H-M)|£. |J1(1 + a),. (4)^ 1^1 ( 6 ,)^(XH-M), 

J=3 , 

/-m, m -1- 1, I + r; \ 

l,L + M-l-r4 / 

Re(L) > 0, Re[M) > 0. 

With = 2, g = 3, ^5 ^ 0, we obtain an integral involving 

a product of two Bateman’s polynomials, 

£ (l-;c)^-^ Up-^) ZM dx 
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r(i) V(M) ^ ( - «)r («+ 1)^ {l)t p*- _ (-m, JW+ i, i+n , \ 

= r(i+M) Ijl (})r {Dr (J^ + M)r l, £+M+r; j 

Re{L) > 0, Re{M) > 0. 

id) Setting p = q = 2, a.^ ~ } 2 , ^ ^ d\i = fi -r ljP=l)in (3‘9), we get 

an integral involving a product of Jacobi and generalised Sister Celine 
polynomials j 


Cl n j3) 

f ;«'>■ {l-x)l3 p' (1 -2 a;) 
Jo ” 


(Y.S) /Pi, 

Ua, 


’ ^ ’ Xa;) dx 

>n', / 


r(v + 1 ) r(f -I- l) (1 -t tt),t (l-j-yjtn ^ (n-}-a -f jQ-f- 1 )^ (cr + 1 )^ 

= l>4-^+2) liL ifL r=0 l-L {«-+i8+2), 

m+ 7 -l-S+l, Pi, ... , Pi, <r+r+l ; \ 

.+2 ^ yl-j-y, I*, 0-g, » o'/j 'r-j-/3+}--f2 ; 


Re{a-) > -1, Re(l3) > - 1. 

Expressing the hypergeometric function into the Contour integral of Barnes’ 
type, interchanging the order of summation and integration and using Saalschutz’s 
theorem, we have 


(3-12) 



5 Pi J 



dx 


(J + v}m r/l+/34- n) r(rr-f 1 ) (a -o-)„ 
I'” |J!_ rh -}-/3 + n+ 2 ) 


X 7J_ Pj 1 Wi + y-fS-fl, Pi, ... , Pi, I + U", l-a-fv; \ 

Ha yt+2 ^1+7^ , a-j., l-a-j-v-n, 2+v+B-l-n; ) 

Pr(o-) > - 1, Re{l3) > - 1. 

{{) Substituting I = k = 3, p^ = j;, p^ = (, 0-3 = p in (3'12), we have 


(3-13) a;<" (1-^)^ (l-2«) (^, p, Xx) dx 


— ritr+i) r(a-(r-f«} 

IJ^ r(a-cr) r(</+^ + n-J- 2 ) 

p (-m, tn+r-fs+l, 1+v, 1-a+o-- \ 

■> 4\1+7, A l-a+v-«, v+/3-t-«+2 ; 

Re{<r) > - 1, Pr(;S) > - 1, 

an integral involving the product of Jacobi and generalised Rice’s polynomials. 
With t — P, X = 1 in (3' 13) we obtain a known result ([8], p. 288). 

{ii) In (3-12), putting /= 2, A = 3, vg = ], 7 = 8 = 0, we have an 

integral involving the product of Jacobi and Bateman’s polynomials, 

3-3. (a) Setting /; = 0, g == 1, / = 0, A = 1, = 1 + "1 = 1 + j8 in (3-7) 

and multiplying both sides by — , wc obtain an integral involving the 

product of two generalised Laguerre polynomials, 
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(3-14) 


P (l^x) Llf'> i\x) dx 

... 

“ r?_l'2 r(I-|-.^) r^o I '■. (1 +“)r 


X <, F. 


■ m, L-\-r i 




^^\[ + l3,L+M+ri 

Re'L) > 0, Re(M] > 0. 

When »z = 0, (3- 14) reduces to an integral involving a generalised Lagi.icrre 
polynomial, 

(lf«)„r(Z)r(A/) „/ -«,L; \ 

" 1 1 . T{L+M)~' V +^, L-\- M;‘' I 

Re[L) > 0, Re(Mi > 0, 

which further reduces to a known result ([8], p. 293 (5 ) (iu putting X=14-« 
and 

(6) In (3-7), setting^ = ? = 1» = «+«+/3+l, l>j, =•■■ l+'S /* = 1 ^ = 0, 

^ = 1, o-j = 1 d- 7, £ = V -h 1, Tkf = /3 + 1 

and multiplying both sides by , we get an integral involving the 

product of Jacobi and generalised Laguerre polynomials, 




(Xx) dx 


= ( I + «)n<l-'ryLr(v+l)r(/ j+l) V ( - «)r in+^ + Wt l)r 

l£_ |^r(<r+^+2) ,=>0 il (H-«)r (*'■^+2),. 


X 2F2 


I -m, <r 

(1+7, () 


+r+l ; 
-l-/3+r+2; 


Re{cr) > - 1, i?e(/3) > - I- 

Expressing the hypergeometric function into the Contour integral of Barnes’ 
type, interchanging the order of summation and integration and xising Saalsclmtz’ 
theorem etc., we obtain 

/’■ (1 - x)P p'“>^)(l - 2x) (Xx) dx 

_ ( 1+7^ r(i+p+n) r(o-4-i)r(<r -o-4-«) 

|_^ |m_ r(a - cr) r((rd-)3-h n-|-2) 


Re{<r) > - 1, Re(0) > - 1. 


/- 1 -a+ir; \ 

^8 8\1_1-7, 1 -o+o-- n, (r-f/S-f n-1-2 ; 
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3*4. ill (3 *3)5 substituting S = 7 2^ c = d = obtain 

(3-15) J"^' /+”+”-! (1 . p+,F, [“T ■ ’“f’ 1 ^' ] 


X,«F. 




n+l \ 

2 i^p)r P‘^y~2')^ ( 2 y, ii-h-^)s {-r)s 

WrW. (‘+l''’')j ('+¥■’'), (!-«?-’•). 


-W S„ s 


X fA.)®( _ i)(?>+g'+i)s T(n+m+L-2r) 

\ i“ / r(n+m+i+iW-2r) 

Re{L)+n+m > 0, Re{M) > 0. 

Replacing r by r+s, using relations («)a„ = S®” ("/2)i“t-) , 

-| y* ] tt 

Wrt+Zj == (<*)/j and ~ (- 1)», in (3’ 15), we obtain the integral 


(3-16) J*] 


/ + «+«*! (l_;^;)Af-l 


KM) r(Z4-OT+n) V 
T{L-\-M-\-m-^n) r=0 


, f-n -n+1 

r=^ p, . 1 

aL 2 ’ 2 ' J dx 

ni 

" /--n+U (l-L-M-n-m\ /! 

zM s j, ( 


/I - L-M-n-m\ / 2 n-m \ 

I 2 1 2 j 

^L-m-n\ (2-L-m-n\ 

2'" 1 r2“ r 




-wj -m+l l-L-M-n-m . 2-L-M-n~m 

2 3 2 5 2 ^ * 1 " ^3 ' ~~ 2 "" 

l-Zr-m-w , 2-L-m-n , 

— 2 + — 2 ^ ^ 


+ > 0, Re{M) > 0. 

Special Gases : 

(<2) In (3*16), setting = 1, {/ = 2, - 7 - /?, =• 7, ^2 - 1 - w, ju, = 1^ 

/ = 1, A: £=s 2, Pj — =j);, cr^ = 1 X — 1 

and multiplying both sides by - — ^ we have 
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y ; X) Rm{B,y, x) ix 


__ I(M) KL^m^n) 2»+« (g)„ (B)„ 
£{Li'^JM['\'M-\‘1i) j_^ 


~\ l l-L-M -n-mX ^-L-M-n--r n\ 


f \2;rl 2 

ijl(r)r(l-^-«)f ( 


l-L-m-n\ i2-L-m-n' 
■-T-)r 1 — 2 ~- 


I -m -m+l o l-L-M-n-m , 2-L-M-n-m . 

2 +'■’ -o +»'5 ' 

^ 1 

,. 1 R ™ l-£-m~n 2~L-m~n . 

y, i j3-m, ^ 1-,-, ^ 1.,. .. 

Re{M) > 0, Re(L) >0, 

an integral involving the product of two Bedient’s polynomials. 

When m = 0, we obtain an integral involving the Bedient’s polynomial, 


^ ^ RniP, y ; x) dx 


_ TiM, r(X+„ 2 . ,a ^ ; \ 

- r(£+M+.)]r- , ,.a„ 2 .i.„ > 

\ . 1 — 2 — , --- -^ ■ ; / 

iie(i) > 0, Re(M) >0. / / 

plying both ^sidei’bv^2^"+®*^^f>^ == ? = b, /_ = A = 0, X = /r = - 1 and inulti- 
He^mhte polynomials,^ ’ obtain an integral involving a product of two 




_ rW) r(£+m4« ^ l2M~2 

r(Z,+Af-j-m+B) 


—1 /~”H-1\ (\-L-M-n-m\ I2~1A-M~n~m 


\ 2 /rl 2- 

l-i-OT-n\ i2-L-m-n\ 
2—1 — ^ 


'I (-»’ 




Re(L) > 0, Re{M) > 0. 


l-L~m-n 2-L-m-n , 

2 + 2 — '■ 
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When ?n = 0, we have an integral involving a Hermite polynomial, 
(1-^)^"^ H,,{x) dx 

j-n -«+l l-L-M-n 2-L-M-n ^ \ 


_ 2” I{M) I{L+n) 
r(£+M+n) 




2 ’ 2 ’ 2 ’ 2 
\-L-n 2-L-n 


rV 


Re{L) > 0, Re{M) > 0. 

4. Now we have, from (3*1), an infinite integral involving the product ol 
two generalised hypergeometric polynomials and an exponential factor. 

(4-1) j” ^£+(S-l)n+C)'-I)«-I J 

rA(r, - ot), Pi’, 1 
X 


ta 

= Z Z 


rr:0 J = 0 1 r 


8-1 
il 1 

i-0 

(-n-\-i \ 

1 8 ) 

IJL 

1 8-1 , 

1- 

* = 0 \ 


dx 


h-^)s {Pl)s i r)s f ’’ 


X (-1 )(P+cr+S+i)s r{L+ (8-l)«+ {y-l)m+c{r-s) +&} 

Re{L) > (1-S)n+(1-7)»J. 

In (4*1), substituting s — y = l,c = d^l, replacing r by r and using the 
relations ■= {a% = („l)s j ^e have 

(4-2) J” x^-^ p+iFq['”’ ^ dx 

i- n)r(ap)r{L\. tiT t-m, Pj, L+r; \ 

= r(i) 

Re{L) > 0. 

4-1. In (4-2), setting = n -f a + + 1, = 1 + «, = J, 


Pi = OT + 7 + a + 1, vj = 1 + r, 


I 


and multiplying both sides by we obtain an integral involving the 

product of two generalised Sister Celine’s polynomials, 
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/.X ^ nj..) ^ (-4. («+a+/3+l). 11 («■),,.(£),., *- 

- TIL) (^+4k (i+yjm y ^r^jL. 

\'L\”L I , M , ns S. 


+ II (6,-),. 

j-^S • 


X I+2^I:| 


-m, m+7+S+l, Pa, ... , Pi, L-\-r-, 


1 +'^> i> O'SJ • • • J O'* 


Re(L} > 0. 




(a) When m = 0, we have an integral involving a generalised Sister Celine’s 
polynomial, 


(4'4) 


ViT) ^ ^ p l~^l tz 1 , ... 1 ^p, Ll \ 

I— \ l+«, hh>' ' • > / 

Re{L) > 0. 

(i) In (4 4), putting « = ^ ,= 0, ij = J and Z. = |, wo obtain a known result 
([1], p. 810, eqn. (17) ). 

(u) With p — 2, ? = 3, flj = I, — p, L = (4‘4) yields a known result 

( [2], p. 158, eqn. (3-3) ). 

Sufatimting in (4-4), Z’ - « = 3. n. = {, *, . p, ^ 

gral involving a generalised Rice’s polynomial, 


(4-5) 


(M-o)m 




/-n,n+a+l3 + l, ^,L-, \ 

I H-“, p;^) 

Re[L) > 0. 

With I =p, in (4-5), we obtain an integral containing a Jacobi polynomial, 

(4-6) 

__ r(Z.)r(l+tt)„ l-n,n+<>'+i3+l, L ; 

I n Rt<i\ 


Re{L) > 0. 


1+a 


ipvolvt^rBatemi’s pol^Liaf ^ ” 0. in (4-4), we get an integral 



(4-7) J7 •?. (>“) * ■ ‘‘’i " t ■ '‘ )^ > “• 

(b) Substituting I — k = 3, - i, Ps = ^5 0-3 = ^ in (4*3), we obtain an 

integral involving a product of generalised Sister Celine’s and generalised Rice’s 
polynomials, 

(4-8) h''’ «> ({, p. x>) * 

0 n \ ^35 m 


’'"f ’ {l,P,\x)dx 


,bqi ] m 


n - 1 . \ n ) ^ (^ + “ + II {^j)r {L)r 

r(£) (I + y)m. Z/ ir2 

\lL \J1 g 

1-1 (1 + « )r (^)r II {bi)r 
J = 3 


I - m,m • 
\ 1 


+ 'y + 8+1, fji-f-r; 

+ y, p : 


Re (Z) > 0. 


With p — q — Z, — P, b^ ^ a- in ;'4‘8), we have an integral involv- 

ing a product of two generalised Rice’s polynomials, 

{4-9) e-^- X p, \x) dx 

^ r^n V (- «)r (« 4 a -1- /S + l)^ {p)r {L)r ' ' 

lillfL |;r(r +^-a)V (<r). 


m, M y + 8+ ljfj-I' + ?'j 


1 + y, 




Re (X) > 0 . 


Substituting P = (r and | ^ in (4*9,) we obtain an integral involving a 
product of Jacobi polynomials, 

( 1-2 /w) (1 - 2 xx) dx 


(1 + <x)n (1 + y)m V 

I„ \jn 


( - (;2 + a + /? + 1)^, (X)y 


(1 + ^)r 


X 3-^1 


' — tn y ^ S4~ IjX-l-r* 


1+7 


; 0 


Re (L) > 0. 


(c) When i: = 2 , /c (= 3 , p 2 = ^, vg = 1 , 7 = 8 = 0 in (4-3), we get an integral 
involving a product of generalised Sister Celine and Bateman’s polynomials, 

(4-10) r e-^' ( ?*’ y ’ P-^\Z'ni {\x) dx 

^0 ” \ ^3, >bq-, ) 
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(L±^ 


= r(£) 


p 

. (w -j- O' -1- /? + I W ^ {^j)r (■^)f 


^ “ ^)'r V” \ - I r" I ~ rr j ^ 

^=0 iji(i + 4.W,. Ii^ 


X zF^ 


; -w, m + i,i + \ 

I 1,1 ; I Re{L)>0. 


Taking p — 2, q—3, <Z 2 — I, = 1 and « = ^ = 0 in (4' 10), we obtain an 
integral involving a product of two Bateman’s polynomials, 

f e-^ Zr^^Xx) dx = r(i) £ ( - 4 (« + llr {L)r 

r =0 Il(l)r(l)r 

X 3^2 1 J 1 ! ^ ) •«« (-1^) > 0. 

4-2. Setting^ = 0 , j = 1 , =, 1 4 - 

/ = 0, ^ =r 1, cTi = 1 4- /3 in (4’2) and multiplying both sides by 

(1 + «)b (1 4- ^)ra , . . , . , 

|a 1^ ~ Obtain an integral involving a product of two generalised 

Laguerre polynomials, 

(4-11) J” /-I £(«) £03) 

= 1 ( 1 ) y (-«)r (i^)r 

111 - t rfo Oll^«)r 1 + ^ ® 

D 2 gqwrf ^ ^ + 1 In (4-11), we obtain a known result (rai 

P- ( ) ), on using Gauss’s theorem and relation r(^) 1(1 - {z) = ir/sin ' ' ’ 

polynlSll,”" "" Integral involving a generalised Laguerre 

/; iW ^''{7+^:1 ,) «Mi)>o. 


using 


«• I« (4-1), »fe,i.„dng 8 . r = 2. . _ i = - 2. rapkd„g r by r + _ 

relations ^ /«\ /a + n 

r(l - a) (a)„ ’ Oa. (“)l= (« + % - (a)„+,fc 

and _U -f r)s _ 

(1 - 4 - r - - r 1)®, we obtain the integral 
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(4-12) f 

^ 0 


r(Z + m + n) X 

iJL ihy 


h', 

^ (tK 2 )r 


-W -WZ + i a , . 1 

2’ 2 ’ 

(r/S; ; •* 


I’-L-m-n \ / 2-Zr‘ 




^ ^+2^^+2 


-WZ -WZ+1 

3 2 ’ 

\-L-m-n 




m-n , 2-L'-m-n , 92 

— +>■. —5 +r;" 


Re (L) > - n - m. 

(a) In (4-12), setting p = 1, ^ = 2, % == 7 - ^5 = 7, ^ /* = 

/= 1, A .•= 2, Pi O'! =j|;, o-jj = 1 « 1, 

and multiplying both sides by — i n hsiYQ 




r 7 ; :v) Rm {B, y ; x) dx 

^ 0 

(■,-) ('-2±^) (r-/3V 

■+« (a\ (K\ \^ r \ ^ /,• 


2«+« (/3)„ (Z)„ 


r=0 IjlMr (l-/3-n)^( - 


l-L-m-n \ /2-L-m-n\ \2® 


~tn -m ‘-{- 1 

F’ ~T~ 


, y-B 


, „ l-L-m-n I’-L-m-n , — „ 

y, l-B-m, 2 ~~ + r, ^ \- r 2^ 


Re{L) > 0 


an integral involving a product of two Bedient’s polynomials. 

When m =0, we obtain an in tegrah involving a Bedient’s polynomial, 


^ (/3, 7 ; x) dx 


r(L+«) 

n 


-71 -uA-l 

\ 7 , 1 -/.-«, 


l-i-« 2-Lr 


’ 1 


2 ’ 2 ’ 


. 2F 


Fi?e (£) > 0. 


(6) In (4‘12), substituting p = q-0, l = k = Q, i«=x = -l 

and multiplying both sides by 2 «+>”', we have an integral involving the product ol 
two Hermite polynomials, 

r H„{x) Hm{x) dx 
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_ 2«+«* r(Z+m 4 -n) 




X af'fl 


-m -m+1 

- 2 , 2 ’ ’ 

, ’l-L-m-n , 

— 2 — + — 2 — ’ 


j Re {L) > 0 


When m = 0, we have an integral involving a Hermite polynomial, 

r e-<^ HJx) dx 

•f 0 

~n -« + l 

" 2 ’ “2 ’ _ 1 
l-Ln 2-L-n 22 

. 2 “ ’“ ’ 


2“ r(i+«) 2F2 


) Re (L) > 0 . 
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Abstract 


In this paper a new generalisation of the Hankel transform has been introduced by usine 
. A established between Whittaker transtorm 

of and the new generalised Hankel transform of/(<}. Certain new infinite integrals have 

been evaluated with the help of this relation. ® 


1. Introduction !j 

■f 

The Whittaker transform, introduced by Verma (18, p. 17) of a function 
/(<) e L (0, co) is 


(IT) : X, 8) — fj ^ (2 st)~i fV^,s (2 dt. Re (s) > 0, which has been 

given a symbolic notation by Bose (4, p. 9) and denoted by 


<l>{s : A, 8) =f{t). 

8 

For A = i, 8 = ± i, (IT) reduces to the classical Laplace transform 
(1’2) ^{s) = dt, 

which will be denoted by 


Further Meijer (10, p. 599) introduced another generalisation of (1-2), as 
(1-3) ^{s : V) = j y(ij [st)i K, (si) fit) dt. ^ - 


Rathie (14^ p. 173) represented the K- transform. (1*3) by 

<),(j : I') £ /(<). 

With I' = ± I, (1'3) reduces to (1'2). 

C 97 ] 



'the Hankel transform in Tricomts form has been definedi asJ i 


(1-4) 


m = f Jv {2V it) hit) dl. 


A new generalisation of (1-4) may be introduced by using a l'’ourier kernel 
in terms of H-function, given by Fox (7, p. 408), by an integral equation : 


(1-5) g(i) 


J 0 


|-i/47 iSjAy-i u 


hP 


2A 2q 




it 

u , 27-1 

{(^'7 +%~ 

2r 4 
47 

1 

Ti 

2y d" ^ 


f{t) dt 


provided that r is a real constant, 
where 


^ f g -p (Is 

*' _ It l(l-bj+0js] n T{aj-ajs) 

has been a symbolic notation by Gupta and Jain (9) as ; 

^ r I * J ^p) 1 

P> 9L I ihf ^ 1)5 • • • 3 {bq^ Qq) J* 

which may further be represented in a more compact form as : 

fl”*’ ”[« 1 ®2>)}'] 

P>d I{(^9,/33)}J’ 

where {(a^, a,.)} stands for the set of parameters (oi, Oj) , . . . , (g^, a,.). 

We shall denote (1-5) symbolically by 

g(|)=if[/(t) ; ^ ap) ; [b,/, (Sg)]. 

formof an^th^ '^elation ^tween Whittaker trans* 

j( I, wnere Ke(f^) > - i, and the generalised Hankel transform of f(t), 
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given by (1*5). This relation has been utilised for evaluating certain infinite 
integrals, which are believed to be new. 

In section 2 some of the known propertiei of the H- function have been 
given, which will be used in our discussion and in section 3, we have evaluated 
an inWte integral, which will help us to establish the main result of this paper. 

2. According to Braaksma (5, p, 278) 


where 

and 


where 


T * I = 0 ( f H “ ) for small a;, 

P> ii. I ^<i)f J 

tax - 2 fi/ < 0 and o = min. Re {^Jl\ (A = 1, , . . , 

1^1 Wj" 


m) 


A ? L . 


— 0 ( I a; I /5) for large a:, 


P q n p tn q 

taj-2l3j<0,taj- s + S j% - S l3j~X>0, 
1 1 1 « +• I 1 /n-f- 1 

I arg a: I < J X TT 


and 


ft max Re 



(i = 1, , n). 


Very recently Gupta and Jain (9) have shown that : 


(2*1) If one of {aj, aj) (J =1, . . is the same as one of 

(h = m + I, . . . , q) or one of (i/j, Bk) (h = 1, is the same as one of 

(oj, aj) (j =:r n + I, . . . , p), then the H-function reduces to one of the lower 
order i. e. each of p, q and n or m decreases by unity. 


( 2 - 2 ) 

(2-3) 


n 

ti 

P,q 

X j 

{(ap, a^)} ■ 

1 /3?)} . 

1 m n I {(1 -bq, Bq)} ~ 

J L ^ 1 {(1 - ap, aj,)] _ 

« 

P> q 

X j 

\ t 

_ ^ r ^ j • 5 

L 1 } bq _ 


3. In this section we shall evaluate an infinite integral by making use of a 
known result, due to Bhise (2, p. 72), given as below : 


If 


m ==/(vT) 


an4 


P(S : I' ,• cr) ^ f .f(t) 

^{s : k) m ; cr) . h( 1 jt) 
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then 


<l>2^p :2m;-2k~5l2] - r*(i-A±m 1^ <l>(s :k,m;-k-7m, 

TTS ^ . 


the Laplace transform of 


' ® j’ ° (•< I 0) = <-> , R, (,) > 0, 


rm "■ ' Trf. 


/'J a 

can be expressed by the integral 

Usinff °? VI ’ / AS'L i{(h/i'/)} J 

sing a result, due to Gupta and Jain( 9) ; 

Jo ^ r’f ( d ” ” ’ ? ) ” f I ^ ^ 

. M cl„...,di I p,q[ I ^ 

~ u^‘k'f>k-\-n r ^ 1 {(a,j, {(l-d/-i;, (r)l la i \ / \ -i 

• i+ U I {(V, #.)|, {(1-.,,,, ,)), ^ ^ J . 

p^idea ,ta. ii. p + , + ,j > „ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 


{ i^P> ^p) }■] 

{ (% 0<l) }J 


i?« [i? + (c^- 1) + 0 -/ ]<•()/■ j / /I , 

\ H ) ^ ’■•' ^ ® ^ •■.,«), (r > 0, 

^ n + 1 ? ^.1 ~ ^ > 0, 2 A + 2f~ I - r -u " n I I 

, « m+l ^ 0, I urg ^: ( < I ^ 

an I arg j I < J ^ S-, we find that the integral (3-] ) yields 

■- . t ^ I “/')} I 


n ' p 


m q 


If 

/+],?[ 


' I {^h> ^<i)) 


m .h. ..k „ w„,„ .t. ,, ___ 
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<! . P P- q 

S 3 a, + 2/3y- 2 |3j = A > 0, | arg^ | .< | X ’r- 

1 1 1 VH-i 1 •' a + 1 


and I arg j I < J TT. 

Now 

(3-2) : 2 m ; - 2A-5/2) 


= P-sc + ' 1*. 

^ J 0 p + l,q La;®H {{bq, /3q)} J 

Integrating (3‘2) with the help of the result due to Gupta (8, p. 99) :0) 


Jo - P,q _ 


zx 


{{ap. ajo)} 1 

{(bq, 13 q)} J 


dx 




'Wj « + 2 /o/o'io- 1 (1 ~ i ± i- ’'3 {(^p3 

P+ 2 ,q-L-^^^ {(Pq,/^q)} - J’ 


* . / J — I {{bqs (^q)} _i 

where Re {v + (r.bulh ± >') > 0 (A = 1, . . . , m), o- > 0 (r) > 0 and 

I in " b “ 1' 

I ang ^ I < J X w, 2 “ji - 3 0^+ 3 jS,- - 3 jSi = X > 0 j 

1 n+1 1 m+I 

and replacing j by 2 we get : 

<b{2V^ : 2m ; - 2k - 5/2) 

^ _L (2^)8/*+ W ^ /* + 2, V + j j" 


^ TT 


p +1,? + 2 




where Re {k ± m) < J, if« 1 - A ± m + o- ^ i j J 


{I, or), {{aj), ap)} 1 

{I - k ~ I ±m, cr), {(bq, Pq)}\ ’ 


{(*(?3 I3q)}. 

> I (j == I 3 ■ . • 3 *')3 


V ^ Jtt y 

J?|S (^) > 0, O- > 0, cr + 2 “^-^2^“/ + 2 jd; - ^3^ j8/ = A > Oand|arg^ I < J Xjt 

Then according to the result mentioned in the beginning of this section we 
obtain 

(3-3)., , 

" ' ' . U 

1 


r {2st)-i Wk,m {.2si) tHc-m H \ zt^ d/ 

■» A ? L 1 {{bq, ^q)} J 


X H 


^ 2 , V + 1 r 

+ l,q+2l 


P ^ 2 


(2j)" 


(A tr), {{dp, ap)} 

{I - k - ^ ±, m, cr), {[bq jSy)} 


]■ 


/ ^ a set of the parameter* 

(fl + (a - ^ G"). 
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provided that Re {k ±m) [/ - A ± ffl + i*- ^ 7^^^ > i (j “ 1 j • • j "I 

P '/ 

(1 - / + V, biJl^n) > 0 (h = , 1 ^), Re (s) > 0, "• > 0, <*; - b’ fij < 0, 


2 oi - 2 «,• + S ;S,-- I ft = X > 0, I arg I < i and 1 arg s \ <iT, 

1 y+1 1 /*+! 


4. Theorem 

/ Q ^ \ 

If where d= I/r I 2 ft-- 2 “i j > 0, 

&nd H^(t) ; i ; (ap, ap) ; {bq, /S^)] belong to L (0, oo ), Re (/*) > - 1, 

Re is) >So>0,Re(x±S)<i Re -h M ± H 0 (A = 1, , j), 

Re ^ ^ + X + M — j < 0 (i = 1, . . . , /i) and let 

(•? I X) 8)= 

that is 

(-y • X> S) = (2^^) (U 

then 

^p. (j = 5) = ^ U'f) J I ; (%<) o-p ) ; (/-’vj z^'/)] ^z'o 

where 




Proof 


1 - 2y 

k{s,^)= I y 


/ + 2, g + I ^ 

2? + 2/.+ 2 ^ 


•** 1 

fJh>^± S) ^ 

(I + X, 1), {(I/4y - P - h,, - 
ft ± 8, 1), {(l/4y - i>-- ap- 


ft,)}, 

2y - 1 .. 

“4:^ ^P) <¥l; > 


{(~4f-^ -/*+*(?+ ^q)) 

o 1 “ 4y 27 4- 1 

{(-17- - /» + «^) + -4^— «;), «y;)} ^ 


SmcetW/(ftand^[f(/);|; 
the kernel in (1’5) is a Fourier kernel, 
(7, p. 412), we have 


%) 3 (Z'fi's /Sq')] belong to I. (0, 00 ) and 
therefore using a result due to Fox 
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/<') f j: 


1.1- ‘ 

f4Y 


Ay 


X H 


9>P 

2p, 2q 


it 


Pi [/W I i j (^p) “ij) ; (igs 0e)] I 

2y-l o ,,, 2y + 1 

47 

27 + 1 


^ y — 1 2y >4- 1 

((<tp + “jB, ajy)} , {(1 - ap “P> 


{(*'/ + /3s> ^(?)} > {;i - ^ /?(?)} 




provided that d> 0, Re {b;, + — • (1 - ^)/2‘^ (A = 1, • • • , ?), 

iJe (1 - “i) > ^ ■ (1 +d)l2d (i = \, . . . ,p) and /(i) is of bounded 

variation near t ^ I (I > 0), 

The Whittaker transform of f(t) is 

J OO ^C30 

^ (2^i)-i {2st) tP dt J ^ H Ifit) I I ; {ap, ap) ; {b,j, X 

27- 1 


- A-1 

X, 47^47 Q>P 

H 2p, 2q 


it 


{(%) +■ 


47 


27 + 1 

O'P, “jj)}, {(1 - ap ~ ap, Op)} 

27+1, 


{{h h, h))> {(1 - h - h)). 

On changing the order of integration in the above integral we have : 

---1 

■ A, 8) =/“ ^ H [f{t) ; I ; {ap, ap ) ; {bq, ,69)] d| X 


d, 


X JJ (2^0-* ^x,s {2st) H 2^’^^ 


it 


Oy 1 

(WH TZ “>'» “is)}» 


{(* 


47 
27 - 1 


fn 27+1 ,,, 

{(1 - Up ^ — dp, ap)} 




dt. 


Pq9 ^q)} 


u 1 follows directly on evaluating the /-integral with the 

help ot (d-3) after replacing ^ ^ by ^ and making use of (2*2). 

Tojustify the change of the order of integration in (4-1) we see that the 
l-mtegral is absolutely and uniformly convergent if the generalised Hankel 
transform of | g(^] | exists ; and the <-integral is so if ( A, ± 8) < | 
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Re 


>0 (h=l , . , , , q), Re ^ 


57-2 

47 


?irL\ 

“i / 


+ A4" /*"l"'^rr" )< ^ 


(i=I, . . , , p) and I arg | i >0. 
order of — integration is justified. 


Hence by Fubini’s theorem the inversion of the 


4’I. Particular cases : 

The transformation defined in (1-5) can be reduced to various generalisa- 
tions, given earlier by Watson (19, p. 308), Bhatnagar (l,p. 43), R. Narain 
{(ll,p. 271)and(12, p. 298)} and Everitt (6, p. 271). Therefore our theorem 
will yield imany new results, as particular cases, by making suitable substitutions. 
However, some of the known results, obtained as the particular cases, are men- 
tioned here. 

Taking y = I, = 1, ? = 2, cci = /3i = /Sa = \,a^==k-m-l- v/2, =. 

v/2 and = v/2 + 2m, the above theorem yields a result, due to Saxena 
(15, p. 302). 

With y = 1, X == J, S = ± i, p = 0, q — I, Pi - ■= v/2 the above 

theorem reduce to a result given by Bhonsle (3, p. 1 14). 

5 . Certain infinite integrals. In our further discussion, because of large 
number of parameters, the notation 



will stand to represent a set of the parameters 


( A ( S, tf-r^), 1), . . . , ( A (S, a - rj, 1). 


By using the theorem^ established above in the section 4, we can obtain 
many new infinite integrals. However, a few interesting cases, which are be« 
lieved to be new and give generalisations of certain known integrals, are mentioned 
as under : 

(5-1 ) (2r0-* (2^<) £ (Xj, ita : : o-f) E (mi, : : vt) dt 


= {2«)-M (r-P r(Xa). 


f = 0 ^ ® «a0 


4" w)r(/*2 4-* f -1- 



u 


' 1 


Ai -1- Pi 

\ 

... 

— 1 

A.a + Fa 
+ Fa + r 

/ , (I + X + F) , 

0* 1 

(i + /* ± 8), (1 - P-r - 

1 

1 

-i- M 1 / J 


provided that Re (o-) > 0, Re (v) > | Re (o*), Re {[i) > -- 1, Re (s) > 0, 
(A i S) i ^lid (P + /A db S Xi + ^ — i- ^5 2)* 
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(5‘2) ^ ^ (2s()-i JVXfS (2si} Wi.,i [t) sin {c^ t) dt 


r*(i-.A±S) ,=o '•■''■3/2)r^ 3,3 L + J ’ 

provided that Re (m) >-],Re (^) > q, Re (A ± S) < h and 

Re{P + ii i- z ± s) > _ 5/4. 


(5-3) 


J'fl ^A ’8 ^Ln W cos {c\' t) tP+P-'^ dt 


= I ilW G 2. 3 L I (4 

r*(i-- A i: S) r =0 r ! (|),. 3, 3 [ (|^ 


^ - P - r ± /), (I + A + m) 

I (t + P ± 8)5 {k - p-r) 
provided that Re (p.) > ~ I, Re (s) >0,Re(K±s)<i and 

{P + ± / ± 8) > - 1. 

In the proof we shall require the following result due to Gupta and Jain(9) 

17-1 


(5-4) 


/■ 


H ^ 

P. 


L I {(*g, '•’g)}J r,l [ |{(«f/,8/)} J 




p + I, q-{- 


f>n-\-k " 

'» ? + r L 


{Kj Sj)}. {(1 -di- VSi, o-S/)}, 

{{km, Pm)}> {(1 - G - Wn <^7^)}, 


^ i^n+l* ®«+i)j • • ■ > (%)> “f>) "1 
l^m+i), . . . j (ig, ^g)J- 


provided that Re{v+.<T ^ + i. ) > 0 {h = 1, . . . , m ; i - I, . . . , k), 

Ph 8i 

Re („ + ) < 00' = 1, . . . ,/l A' = 1, . . . , «), <r > 0. 




1 111 ' n P . m q 

I arg 4 : 1 < $ A IT, I arg J I < J /t IT, where 2 <*,• - s « • + 2 ft- - 2 Bs = X> 0 

1 n+:l 1 ■' m +1 

f r k •■ ’ I 

and % 7^- % r/ + 2 SjT - 2 8,- = /^ > 0. 

1 /-H 1 * + l •' 

Using a known result(16). 


/ 


xP-l e-cr.f R ^ m, n r 

“ i** 9 L 


zx 


•Sit 


{(ap, a^)} 
{{kg, j8g)} 


dx 
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? i> 

S ■S 


(2^) 


j(i-S) + (M p-lq) ^ - T aj+ip-i g-i-^ X 


" r(Ai + >•) 8“’' s r(M, + u) i>g + f + «) / ■' - <>• y 

,=0 ^ ! «=0 “ * \ ’'S / 


X 


iWj te +38 


(^. / 




(A(^, l-f 

{(A(f, ig), /3g)}, 


Xl + Pi 
^2+^2 
A.i+/^a+^* 


). 


{(A(^> %j)> ^i?)} 


X 


(^( 


S, 1 -P-r-Xi-/*a- 


Aa 


IPi + “ 

where 8 and t are positive integers, Re {cr) > 0, Re (v) > ^ Re (v), 

p q n P m q 

S aj - S iS/ = r < 0, S - S “ji + S - S “ A > 0, I arg ^ | < | Xt and 

11 1 n+l 1 m +1 ' 


S bk 


0(i=l,2ii= 1, 2; /i = 


Re (P + X; + Pj + ^ 
we have 

H [e-<^i tP-^ E (Xi, A2 (/‘a, Pa : : ri) ; | j (a^„ «^,) ; (Jj, |8j)] 

_p-w(47)^-sK4Wir.Xa) s ^± 1 ) 1 L(6_jtJ!fl r0!9 +.M:. «i /z.- 

- * ' f=0 r ! „=0 « ! \ ’' / 


X 


X H 


?j /" + 3 

r 

2p+3,2?+2 


( 


2 - ^-P- 
47 


Ai + /*i I 1 27-1 

A* + /*a >1) j H — x;— “^ 0)5 

Xi + Pa + H ' 


{(*3 + h))> {(1 - b, -?2L±.l 


f/1 27+1 ,, 

■ {(1 - ap — Up, Op)] 

X 




p ? 

where Re (v) > 0 , Re {v) > ^ Re (cr), S «■/ - 2 /Sj < 0 and 

Rf {P + Xf + > 2^ (i,j = 1, 2 j A = 1, . , . , 5). 
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Substituting this in the theorem, putting 1 -f j:* == 1/(47), applying the 
identity.(2*2), making use of (5*4) and using (2*1) the integral (5*1) can easily be 
obtained. - - ... 

- - The integrals (5*2j and (5*3) can easily be established, if wc proceed on 
similar lines and use the following known results ( 17); 


. J xP-^ e-i^ sin (c Vi) (x) H ” f 4 ; * Sit I “i*)} 1 
° ' A ? L ' {bq, I3q)] J 

= (27r)- ~ ~ i) ^ p - ^ g) '2, bj -2 Oj ^ p - ^ g 1 


. c S 


p-{-k 


X 2 ” (z_£_V 4)"8^ 
r=0 r! (3/2)7 


:^_fgtm,tn + 28 T . 

+ 2s,i?+ 8 L 


(A(S, - P - r ± M), 1), {(A(^, ap), ap)} 1 

^ ^ - l)j 1) J 


i(A(t, bq), j3q)}, (A(S, - P - r 
where S and t are positive integers, 2 aj - 2 — r ^ 0, S «,• - i a,- + 

q 

2 ^ = A > 0, I arg 4 : I < I X ^ and ( p + y . ^ j > I /* I _1 


(A == 1, . . . , m), 
and 


f cos (cVO 'a:) ^ sn I “p)} ] 

® ^ ? L I pq)} J 


:( 2 ^)i(l s) + {1 - t) (m + n- ^p- i g) 2 bj- 2 aj + i p - j g ^ 1 ^ ^ ^ ^ ^ 


X f JiiViO’’ 

^=0 


X jF/ 

tp + 2S, tq +5 




(A(S, ^ - P - r ± /.), 1), {(A(f, ap), ap)} ] 
{(A(i, bq), Pq)}, (A(S, A - p - r), 1) J ’ 


where 5 and I are positive integers, S 


- s 


/3 j = r < 0, 


S a/ 

1 


/f 

«+l 


2 


jS;i = ^ > 0 , I arg ^ I < ^ A IT, 


[ ^ i hr 


I /?« h'rllh^i, 


m 

2 

1 
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Abstract 

Tn this paper the author has linearised the nonlinear ordinary difTerential equation govern- 
ing free oscillations by the linear Jacobi Polynomical approximation of the nonlinear restorin? 
force or torquci The results thus obtained have been compared with exact results, where- ever 
possible. 

I. Introduction 

Recently Denman and Howard' and Denman and Liu^ have used ultra- 
spherical polynomials to solve some nonlinear free oscillation problems. The 
author^ has applied Gegenbauer polynominals to some forced oscillation pro- 
blems. This was achieved by obtaining an amjplitude dependent approximation 
of the restoring force or torque and linearising the nonlinear dijfferential equation 
governing the oscillations. 

In the present paper a more general class of polynomials, — the Jacobi 
polynomials, are used to obtain a linear amplitude dependent approximation for 
the purpose of linearisation of the nonlinear differential equation governing free 
oscillations. 

2. Jacobi polynomials. Jacobi polynomials Pf^S) (a:) are sets of polynomials 
orthogonal in the interval (-I, 1) with respect to the weight factor ( 1 ~ 

(1 +• each set corresponding to values of a and /3 such that a > - 1 , 
Re p > - 1. They may be obtained from : [5, p. 271] 

2 p-i ( 1 + ^ + pY^ (1 - ^ + P)-'" (1 ) 

n =:0 

where 

P = (1 - 2xt + t^)^ (2). 

The ultraspherical, Gegenbauer, Legendre and Chebyshev polynomials are 
particular cases of Jacobi polynomials. 

In the interval (- A, A), Jacobi polynomials are defined as sets of polyno- 
mials orthogonal in this interval with respect to the weight factor (1 x/A)^ 

( -f- xIA)h, This gives rise to the polynomials i^/A) 

3. The General free Oscillation Problem. A general free oscillation problem 
is characterised by the differential equation 

*+/W=0 (3^ 
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where dots represent differentiation with respect to time t. The function f (a;) 
is the nonlinear function related to the torque, force or voltage in a nonlinear 
physical problem. In the present paper/ (^) is assumed to be an odd function 
although the analysis is equally applicable to other cases. The general* initial 
conditions for the oscillatory case may be taken as x = A and A:«0atJ{=:O()r 
that a; = 0 and x = at t 0^ A being the amplitude of the motion. A first 
integral of (3) is 

+ (4) 

Where F(a:) is a potential function y=/(x)] and £ is proportional to 
the constant energy of the system. The periodic time of oscillation T for the 
motion represented by (3) can be written as 

■■■ , (5) 

where T is in general a function of A . Since E ^ V (A)^ we may write 

4. Application of Jacobi Polynomial io free Oscillation Problem. 

For a function /(a:) which is expandable in terms of these polynomials in 
the interval A, A) one obtains 

/W= Z m ( 7 ) 

n = 0 ' ' 

where the coefficients are given by 




fiAx) (X) (1 - xr (1 + x)l3 dx 

(1 -x)“(l +x)^dx 


truncated after the second term, one obtains a linear 


/• W (xIA) + p/SjS) ^x/A) (9) 

where star denotes approximation. The approximate period T* correspondinff to 
the Imear approximation is given by r ^ to 


where 

n = 

: r ]*’ 

(2 + a + ;8) [ P J 

(10) 


gi = - 

21+“+;8 r(2 4- «) r(2 + P) 

(‘1) 

and 

(3 + « + ]8) r (2 +'a + /?) 


R = 

^\f{Ax) (l-x)“(l +*)/3 dx 

P no 1 

(12) 



h. Application of linear Jacobi approximation to seme typical problems. ^ 

In the present section we shall apply Jacobi polynomial approximation to 
differential equations involving cubic, sine and hyperbolic sine nonlinearities. 

(i) Cubic nonlinearity : Here we shall assume that/* (at) = bx^^ so that 
the differential equation for free oscillations is 

a; + ^a: + ^a;® = 0 (^3) 

Equation (13) ’’can be classified according to the signs of a and b as shown in 
table P. Only the first three cases yield bounded oscillatory motion.^ The exact 
solutions in all these three cases are known in terms of Jacobian elliptic functions. 


table 1 


Glassification 

Nomencleture 

Sign of 
a 

Sign of 
b 

Motion 

Case 1 

Hardening 

+ 

+ 

Oscillatory 

Case 2 

Softening 


— 

Conditionally 

oscillatory 

Case 3 

Softening-Hardening 

- 

+ . 

Oscillatory 

Case 4 

Softening-Softening 

— 

- 

Non-oscillatory 


We shall now discuss each case separately. 


Case 1. Hardening cubic : The linear Jacobi polynomial approximation 
of /( at) gives 

/* {X) = {ax + bx^U = (*M) 


where = 


and 


- ^ J ] 

^\aAx + bA^ x^} («) (1 ^ x)^ (1 + x)l^ dx 

J [Po^“-/3) (;v)]s (1 - ^)“ (1 x}l^ dx 

gi 

Varma® has shown that 

J* a;s (1 - x)^ (1 + x)l^ {x) dx 


= r(l + a + n) r(l + 13 + s) ^ 

n\ {s -n)\ r(« -4- 7 -1- a + /3‘ + 2} ^ 


we also have the result [5, p. 261] 

x^ (1 - ^)a (1 + (;,) dx^Q,s<n 

and Bhonsle [7, p, 160] has shown that 


— J -j- M, 1 -j- o -|- j 
-ft-s; 

s> n 


(14) 


(15) 


(16) 

(17) 


[ ni ] 



^ ]gn (1 _ (1 + x)P W 

2 i+“+]S+“r(i + « + «) r(i + ^ 

= f(r+ «"TT +’2 n) 

Using (16), (17) and ( 18) , we find that 


( 18 ) 


<^0 


(B - aM (® ~ 6’)^ + hA^ 1 

U^ 2 Wgr (2 + «) r( 2 + l) , 3M»22+-+^r{2+a) m 


and = - I r(4 + « + }) 


X 2Fi 




+ 

2, 2 +«; _ I 

-jS-3; 


r(6-ha-|-^) 


(19) 


Replacing/(*) by its approximation /H,(i«), the diflCerential ociuation becomes 


or 

where 

and 




= a + 


(2 + « +^) 

(« + /3 + 3) (a “h (3 + 4) 


( 20 ) 




M- « + ;8) \ 

“■'2x1 / 




j_ 3 M^ { (a ^ - ;8)‘‘ + a + |g + 4 } 
^ (5 4- a 4“ /l) (4 "h ® '4“ ^) 


( 21 ) 


The approximate solution subject to the initial conditions x =:■ A, x — 0 
at ^ = 0, is 




(a - 0) (1 - 1 -] CO" d) ' (“ - ^) ^ Z 1 “ 1 ®. \ 

= +■ (2+a+7) ^ 2”+^:+^ r V / 


The approximate period of oscillation is given by 
Stt 2ir 


- 


r , { (a- - -1- « + ^ 4. 4 } It 

[ (a -1- ;« + 4(« + /3 + 5) J 

The exact solution in given by [8, p. 40] 

X = Acn { (a + M*)* t } 

■where tn [a + bA^)i t is the Jacobian elliptic function of modulus k given by 

bA^ 




2(a + bA^) 


( 22 ) 

(23) 

(24) 

(2^) 
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The exact period is given jby 


4F{k,i^) 

ia+ bA~^)f 

where F {k, ^tt) is the complete elliptic integral 

The limiting behaviour of both T and 
or ^ > oD 

We find that as ^ 0 


of the first kind of modulus k, 
is found to be similar as A 


(^ 6 ) 

-»0 


T- 


and 


a\ 

6-28 


for finite a and yS. 


O- 

ai ~ ai 
Also as J CO , both T and 0. 

bA^ 

Denoting the nonlinearity factor ~ by v we find that as r 0 both T 


and 




. 0. 


Also as V CO both T and 

In 'order to compare the approximate results with the exact results^ we 
consider a numerical case. For this case let ^ = 10, 6 = 100 and A ^ I, The 
exact solution becomes 

(27) 

(28) 

(29) 


Also 


= cn VllO t 
\ 2x 110 j “ 


r = 


2x 110 
4F (0-674, i«-) 


0-674 


= 0-695 


and ^ 

For the approximate solution, let a = - 0*4 and ^ ~ 0*5 so that (11) gives 

=: 0*4247 (30) 

and = 83*42 and == 9T57 (31) 

The approximate solution is thus 

= 0-99 cos 9*133 t + 0*01 (32) 

and the approximate period is 

0*688 ( 33 ) 

A graphical comparison of the approximate and exact solutions is exhibited 
In fig. 1. The variation of the dimensionless period J'/T'' with the nonlinearity 
factor V is shown in fig. 2, T being the period of the corresponding linear system 

. * V/ 
t. e.T 


= -- 
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Case 2. Softening cubic : In this case let /(.v) = ax - bx^ {a > 0, b > 0) so 
that the differential equation is 

X ax - bx^ = 0 (34) 

If the initial conditions are x ~ 0 and* = o,, at t'= 0, then for a stable 
periodic motion to exist the condition is [8, p. 40] 

a > bA^, A being the amplitude. (35) 

The exact periodic solution is given by [8, p. 40] 

x=ASn {t {a - ib A^)i } (36^ 

where Sn { i (a - i b A^)i } is the Jacobian elliptic function of modulus A given by 




bA^ 


(2a- bA^) 


and the exact period is given by 


r = - 




(37) 


(38) 


x* = 


(a-ib A<‘)i 

The approximate solution subject to the same initial conditions is given by 

M - 4- r 1 -1 (1 - 

2 + + 


] A sin (a)* t + 4>) (39) 


where 


and 


and 

and 



(“ - P) 


[(«• P) + i7., 


( 0)^2 - V) 


(2 + « + m 



bJ^ { (« - i6)g + 3 (g + ff) 4- 8} 1t ’ 
(“ + ^ + 3) (« + /3 + 4) J 

3 A-d® { (a - |8)2 + « + ^ + 4 }]i 
(« + ^ + 4) (a + j8 + 5) J , 





a 


3 b A.^ { (a; — jS)^ 


(40) 


(41) 


(42) 


The limiting behaviour of T and as ^4 (or v) 0 is found to be similar. 
As 1 1 and 1*29 respectively, both T and T# co . For this case v must be less 

than 1 for periodic motion. 

Considering the numerical values of the parameters as, « = 10, 6 = 1 
and = 1 we find that 

T - 2*066. (43) 

Taking a = - 0*45 and )8 = - 0*55, we find that the approximate period is 

= 2*065 (44) 

A graphical comparison of the variation of the exact and approximate 
dimensionless period TjT' with the nonlinearity factor v is exhibited in fig. 3, 
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fje i 

Case 3. Softening-Hardening cubic ; In this case 
f (x) ax + b x^, {a, b > 0) 

The exact ‘Solution in terms of elliptic functions subject to the coriditi 
* = ^, * = 0 at t = 0, IS 

x^Adn{At (i/2)i } 
and the modulpus is given by 

■ A* = 2 (1 - a/M*), . , - 




and the exact period is 


A{bl2)^ 


(47) 


The singular points of the differential equation are (0, 0), (± 0), of 

which the later two are centres, so that a stable periodic motion exists about 
each one of them. The solution represented by (45) is the stable periodic solu- 
tion about (V* ajl, 0), In order to obtain the approximate period solution about 
the same point, we change the origin to the point {Vajbs 0)so that the transformed 
differential equation becomes 

X 2a X + -f 6 = 0 (48) 


Linearising this equation with the help of Jacobi polynomials in the interval 
( - A, A), we get 


X + 


(a - j8)A 

(2 +« +0) 






(49) 


where <0,2 


„ , J{(/3- + (^ + g) + {(°-ig)^ +3(a+^)+8 |. 

+ , (a + /3 + 3) (|S - o) ^ (“4-i8+3') (a4.^+4) 

(50) 


, „ , 3^r',TA(/3-a) , 3l>A^[(a-fi}^±a + 0 + 4] 

“* - 4a + - 4 ^ ^ ^ + -- 


(5 + a + /3) (4 4- a + /3) 


The approximate solution is thus given by (subject to the same initial con- 
ditions) 

, r . I (^- 0 )A - V \ X CO" 0) f I ,5,. 


Considering numerical values as 

a = 10, b == 15, u4 = 1, we find that 

r= 1*48 


(52) 


Choosing the values of a and /3 as a = 1*0 and 13=- 0*5, we have the 
approximate period given by 

- 1*46 (53, 

(ii) Sine nonlinearity : In this case let jf (a;) = sin x so that the differen- 
tial equation is 

X + sin a: = 0 (54) 

Approximating sin x in the interval (- ^, A) by means of linear Jacobi poly- 
nomials, one obtains 

(0)0® sin x)^ = (x/A) + Pi(“./3) (x/A) (55) 

«x 3) _ r(2 + « 4- ^) f 

where ag .P “ 21+“+/? r(l-j- 4 1(1 J . 


hj "0^ (^■^^"' (^ dx 


and = J sin Ax (1 - a:)® (1 + x)0 {x) dx 

■y^ — ■ — - 


(56) 
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After a little manipulation one finds that 

/ a-B \ , r(2j + 2 + /i) r(3 + « + 0) (- 

' = I rr^TTo M “o 2j. iV. r\ rn -\-^ B) i(2s + « + ^ + 3) |?f,t * 


'+13+2 


and p ^2 


1=0 f" ■ + <^ + P + 3) |?f,t * 

r-2s- 1, 1+ “ i _ i] 

[ - /3 - 2 ^ - 1 ; J 

\ 1 2 V r(2^ + 2+ ^(1+ “ H- ^ 

) ^ ““ i-fe) i’(2 + /Q) r(2j + 4 + « + j8) |2* , 


[- 2j, 2 + «;_j' 


Hence (54) becomes 




where 


, 3 f, Tl2s + 2 + j8] ns + a + §) (- 1)«^ r-2j-l, l+« ; ■ 

1 “ “® "o r(2 + )8J r(2j + 3 1- « + ^) (« - f3) l2.» + ! ^ 1 -2S-/3-1 , ^ 

3 _ a V r(2^ + 2 4- r(4 4- « + 0 (- 1)* 2/?, I ” ^ ; __j 1 

* “ ,f6 r(2 + fi)r(2^ + 4 4 2:?!' ' 

The differential equation thus reduces to 

•• 1 .. s .. (fi ~ ^)A . „ „ , 


X 4* ^ 


2 -4* ^ 4" ^ 


(<o*2 q. 


The approximate solution subject to the initial conditions x = A and * = 0 
at / = 0 is thus 


X, - r 


2 4“ ^ “4* ^ 


^ <0^2 -f (O^ay 


cos 0)^/ -4* 


(g - Q-) A + 6)3^ \ 

2 + O' + y 0)^3 j 


and the approximate periodic time is given by 

(62) 

The exact period is given by [7, p. 33] 

rj^ 4F {k, i tt) 

- (63) 

where F (Ar, J x) is the complete elliptic integral of the first kind of modulus 

k = sin A 12 (64) 

when A = we have 

T = 6-40/(Oo (65) 

Choosing a = - 0’4 and fi = - 0'6, we find that 

Henoe ' 0-9688 V (66) 
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jpor oscillatory motion it is necessary that 

I ^ I < TT since | A | < 1 

The limiting behaviour of T* as J 0 agrees with that of T*. 

[Hi) Hyperbolic sine nonlinearity \ For this caselet/(^) = sinhArsothat 
the differential equation is 

x + sinh ^ = 0 

The exact solution of this equation is known in terms of elliptic functions 
and the exact period is given by [4, p. 279] 

T = 4/iDo sech AI2 F[k^ J tt) (69j 

where A is the amplitude of the motion and 

k = tanh A]2 

Approximating sinh x in the interval ( — A, A) by means of linear Jacobi 
polynomials one obtains 


(o)o2 sinh )x^ - X + 


where 


V = S 


T(2s + 2 + |S) r(3 + a 4- i8) 


1(2 +;S) r(2^ + 3 + a + (« 


and o,*** = £ r(2. + 2+ ^)r( 4.4-a+^) 2F, 

sto 1(2 + 13) r(2j + 4 4 - a + iS) 2 j ! 


' m2s+\ \ ^ I -2j-iS-l; J 

-2s, 2+a ; _J 1 

-2j-l-i8; J 


Thus the differential equation reduces to 


X + 0)#** « 


(|g - <=‘)A 
(2 + a + ^) 


+ “i’*) 


The approximate period of oscillation is thus 

^ _ 27r 

Considering numerical values as : 

/I = a = - 0‘4 and ;S = - 0'6, we liave 
6-085 

J ^ ' 


As-4 -» Oj both T and approach to 27r/a 


(71) 


(72) 


Discussion of results : The exact solution for the case 1 discussed in 
section 5(^) is plotted in figure 1, along with the approximate solution corres- 
ponding to « = 0*4 and /i; = - 0*5. The variation of the dimensionless periodic 

time with the nonlinearity factor for the exact and approximate case arc plotted 
in figure 2. In both the figures there is a close agreement in the exact and 
approximate results. Further a comparison with figure 1® shows that the Jacobi 
2 )olynomial approximation is closer than the Gegenbauer polynomial approxi- 
mation used in®. 

Figure 3 shows that the variation of the dimensionless exact period for 
case 2 with the nonlinearity factor along with the variation of the approximate 
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dimensionless period corresponding to o- =- t)-4B and Z' »= - 0'55, Tlicapproxi- 
mate curve agrees closely with the exact curve. 

The exact periodic time for the case 3 section 5(i) agrees closely with the 
approximate period corresponding to « == 1*0 and - 0*5. 

In the case of the differential equation discussed in section 5(n) the appro- 
ximate periodic time corresponding to o' = ~ 0*4 and /3 - 0*6 is found to agree 

closely with the exact period. Same fact is observed for the differential equation 
discussed in section 5(m). 

7. Conclusions : In the present paper the linearisation of the nonlinear 
ordinary differential equation has been accomplished by the linear Jacobi poly- 
nomial approximation of the nonlinear restoring force or torque. The results 
thus obtained are found to agree closely with the exact results which can be 
obtained by means of elliptic functions. The approximation can be made very 
close by a suitable choice of o: and /3. The Jacobi polynomial approximation has 
an advantage over the ultraspiierical and Gegenbauer polynomial api^roximation 
used in’^*^ and that the average error over a quarter period is much less in case 
of Jacobi polynomial approximation as compared to others. In case of the ultra- 
spherical and Gegenbauer polynomial approximation, the approximate solution 
curve is entirely on one side of the exact solution^ where as in case of Jacobi 
polynomial approximation, it is partly on one side and partly on the other 
amounting to a rotation of the curve. It may be noted that results obtained in 
this paper reduce into corresponding results obtained in^ and» by puttxnj? 
« /^ = A-i ^ A 6 

The differential equations discussed in section 5 occur in several physical 
problems like the motion of a mass on nonlinear spring, motion of a simple pen- 
dulum, the elastica, electrical circuit with nonlinear capacitor etc. 
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